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Given
o a suitable (frequency space!) covering Q = (Q;);; of O C R¢,
@ a suitable partition of unity ® = (¢;),., subordinate to Q,
@ a suitable weight w = (w;); ¢,

we define the associated decomposition space as

D(Q,LP,69) :={fe 77 ‘(||3~—1(<p,-.?)HL,,),.E,eegv(/)}.

Note: Iﬂ,(l):{(c,-),-,t, C‘C"(w,--c,-),-,d c("(l)}.

It is often more convenient to regard g := f as the main object of study.
~> We will mainly consider the Fourier-side decomposition space
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What are Decomposition spaces?

Given
o a suitable (frequency space!) covering Q = (Q;);; of O C R¢,
@ a suitable partition of unity ® = (¢;),., subordinate to Q,
@ a suitable weight w = (w;); ¢,

we define the associated decomposition space as

D(Q,LP,69) :={fe 77 ‘(||3~—1(<p,-.?)HL,,),.E,eegv(/)}.

Note: Iﬂ,(l):{(c,-),-,t, C‘C"(w,--c,-),-,d c("(l)}.

It is often more convenient to regard g := f as the main object of study.
~> We will mainly consider the Fourier-side decomposition space

Dy (Q,LP,07) = {g € 9/(0)‘ (1T (@ig)|l) e, € fﬂx(/)}-
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But... WHY?

GIVEN THAT, SOOMER OR
LATER, WERE ALL JNST
GOING TO DIE, WHAT'S
THE POINT OF LEARNING
ABOUT decomposition

\___ spaces? ~

)
%
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@ the study of PDEs and the properties of their solution operators,
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@ the study of approximation theoretic properties of frames
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The class of decomposition spaces looks like this:
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@ the study of WDOs and their mapping properties,
@ the study of approximation theoretic properties of frames
~ study of coorbit spaces
Many important smoothness spaces are decomposition spaces:
@ Besov spaces (homogeneous and inhomogeneous),
e (a)-modulation spaces,
o All wavelet-type coorbit spaces (including shearlet coorbit spaces),

@ Shearlet smoothness spaces.

We want to bring order to the chaos: (How) are these spaces related? J

How do the associated coverings look like? J
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Besov spaces

homogeneous inhomogeneous
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o-modulation spaces

o=0.00

S
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Wavelet-type coorbit spaces
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Wavelet-type coorbit spaces

Theorem (Fiihr, FV; 2014)
Let H<GL (Rd) such that the

quasi-regular representation

[%(x,h) ] (y) = |det [/ £ (h(y — x))
of RY x H on L2 (R?) is irreducible and
square-integrable.
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Wavelet-type coorbit spaces

Theorem (Fiihr, FV; 2014)

Let H<GL (Rd) such that the
quasi-regular representation

[ (x, h) f1(y) = |det h|"/2 - £ (h(y =)
of RY x H on L2 (R?) is irreducible and
square-integrable.

Then, for a suitable weight w = Wy, g,

Co(LP9(R? x H)) = D (Qp, LP,9)
with the induced covering
Q= (hi_TQ)ieI
of the open dual orbit © :== HT &.

We can study coorbit spaces (e.g. embeddings between coorbit spaces
defined on different groups) using decomposition space theory.
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Shearlet smoothness spaces
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© A framework for embeddings of decomposition spaces
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General question

Assume that:
© 0= (@)ic) = (TiQi+bi)jc; and P = (Py)je; = (SiPj + ¢j)jey are
coverings of 9,0’ C R?, with

> BS(C,') C QI/ C Br (0), in particular: A (Q;) =< |det T;]
> |I*| < N with i*:= {E S /| QNQ; # @}, we say: Q is admissible
> ||T,._1T4H <C<ooforalliel and ?¢ci*,
» analogously for P.

o w= (W) and v =(vj);c, with
» wi/wy < C<ooforallieland £ei*,

» analogously for v.
® p1,p2,q1,q2 € (0,°].
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General question

Assume that:
© Q=(Qi)ic) =(TiQi+bj);c; and P = (Pj);c, = (SJ'PJ{"i'Cj)jeJ are
coverings of 9,0’ C R?, with
Be (C,') C QI/ C Br (0), in particular: A (Q;) =< |det T;]
|i*| < N with i* := {E S /| QN Q; 75 @}, we say: Q is admissible
|T7'Ty|| < C<eoforalliciand £ i,
» analogously for P.

v

v

v

o w= (W) and v =(vj);c, with
» wi/wy < C<ooforallieland £ei*,
» analogously for v.

® P1,P2,q1,92 € (O,OO]

When do we have
Dy (Q, LP1,43) < Dy (P, LP2, £32)? ()
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General question

Assume that:
© Q=(Qi)ic) =(TiQi+bj);c; and P = (Pj);c, = (SJ'PJ{"i'Cj)jeJ are
coverings of 9,0’ C R?, with
Be (C,') C QI/ C Br (0), in particular: A (Q;) =< |det T;]
|i*| < N with /*:= {E (S /| QNQ; # @}, we say: Q is admissible
|T7'Ty|| < C<eoforalliciand £ i,
» analogously for P.

v

v

v

o w= (W) and v =(vj);c, with
» wi/wy < C<ooforallieland £ei*,
» analogously for v.

® P1,P2,q1,92 € (O,OO]

When do we have
D?(Q7Lp17£3/1) %‘D?(:]%LPZ,E?)? (*)
And what do we mean by that?
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We say that Q is almost subordinate to P if
ANeNVielTjel:  QCPY
Roughly: Q is finer than P.
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Almost subordinateness and relative moderateness

We say that Q is almost subordinate to P if
INeNViel3jeJ: Qi c P
Roughly: Q is finer than P.

A weight w = (w;);, is relatively moderate with respect to P if

Wy
sup sup — < oo.
jed itel; Wi

Roughly: w; < wy if the “small” sets Q;, Qs intersect the same “large” set P;.

The covering Q = (Q;);¢; = (T;Q; + bi),, is relatively moderate with
respect to P if the weight (|det Tj|);., is relatively P-moderate.

Roughly: If the “small” sets Q;, Q intersect the same “large” set P;, then
A (Q,) =A (Qg)
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A sufficient criterion

For r € (0,e0] and j € J, let
:{iEIlQ;ﬂPj#Q}.

and

(4 —H (dex iP5 )

e"(ql/')'> jed

il a2-(ar/az)’

Theorem (FV; 2015)
If @ Q is almost subordinate to P,
e p1 < po,

o (#,y) <oo, for py :=min{p2,ph}
then O C O’
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A sufficient criterion

For r € (0,00] and j € J, let
/jZZ{iEIlQ,‘ﬂPj#@}.

and

(¢) —H (dex iP5 )

e"(ql/’)'> jed

il a2-(ar/az)’

Theorem (FV; 2015)
If @ Q is almost subordinate to P,
e p1 < po,

o (#p5) <o, for pj :=min{p2,p5}
then O C O" and the map

1 Dy (Q,LP ) — Dy (P, LP2,072), g+—YiciPig
is bounded and 1g € D' (0') extends g € Dy (Q, LP1,£7}) < D'(0).
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Necessary criteria

Recall: With

()= \detT\”l 2 fw)

. ) )
ili|| pr-(ar/r) >j€J (a1 /a2)’

it is sufficient for the embedding if
@ Q almost subordinate to P,
® p1 < p2,
o (#,y) <o, where pj = min{p2, p5}.
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Necessary criteria

Recall: With

)
ng'(cu/qz),

|detT|p1 Pz‘l/w,-)

icl;

or=| (o

zf'(ql/f)'> je

it is sufficient for the embedding if
@ Q almost subordinate to P,

e p1 < p2,
o (#,y) <o, where py =min{p2,p5}.

Theorem (FV; 2015)

Conversely, if Q is almost subordinate to P and if
(€20, Il o,m 1)) = D (P, L7, E2) g >

is bounded, then py < pp and (#p,) < o.
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it is sufficient for the embedding if
@ Q almost subordinate to P,

® p1 < p2,
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Theorem (FV; 2015)

Conversely, if Q is almost subordinate to P and if
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ife 0O=0,
® Q= (T;Q+bj),. is almost subordinate to P = (S;P; +¢;);c .
@ Q and w are relatively moderate with respect to P,
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Improvements for relatively moderate coverings

If e O=0,
® Q= (T;Q+bj),. is almost subordinate to P = (S;P; +¢;);c .
@ Q and w are relatively moderate with respect to P,

then, for each j € J select some j; € [}, i.e. with Q; N P; # @
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® Q= (T;Q+bj),. is almost subordinate to P = (S;P; +¢;);c .
@ Q and w are relatively moderate with respect to P,
then, for each j € J select some j; € [}, i.e. with Q; N P; # @ and set

(%) —H — - |det T, |"1 _(% q1) |det5|( 1) >
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Improvements for relatively moderate coverings

If e O=0,
® Q= (T;Q+bj),. is almost subordinate to P = (S;P; +¢;);c .
@ Q and w are relatively moderate with respect to P,
then, for each j € J select some j; € [}, i.e. with Q; N P; # @ and set

(%) —H — - |det T, |"1 _(% q1) |det5|( 1) )
jed

pa2-(ar/az)’

Then, (#,) =< (%,) with (#,) as above, i.e.,

8o |de ,'71_ 271/W,'
\( LTI )

(#r) = H (vj

Z"(‘u/’)')jeJ

= gaz-(a1/a2)’
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Improvements for relatively moderate coverings

ife 0O=0,
= (TiQj+ b;); is almost subordinate to P = (S;P}+¢j) e,
@ Q and w are relatively moderate with respect to P,
then, for each j € J select some j; € [}, i.e. with Q; N P; # @ and set

(Kr): H —-|d tT |p1 _(1 q1) |detS|(’ ‘71) )

jed

442'(41/42),

Then, (#,) =< (%,) with (#,) as above, i.e.,

(+) —H \detrv’l 2 w)

Z"(ql/’)l>jeJ

= gaz-(a1/a2)’

Theorem (FV; 2015)

Under the above assumptions, D (Q,LPt,07}) < D (P, LP2, ) holds if
and only if if we have p1 < p> and (% py) < °.
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Sample application

When do we have
, dy : d
M—“ﬁl q1 (R ) N B!;z q2 (R ) (*)
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Sample application
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Sample application

When do we have
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@ Furthermore: wy < (&)™ < 2™t for £ € QN P, # @.

52S51_d(512V_%>+7 ifCI1§q27

(k)<= (pr<p2) and {

52<51—d<%—%>+, if g1 > qo.
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We provided a general framework for embeddings

Dy (Q, LP1,(91) < Dy (P, LP2 (%),
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o If Q is almost subordinate to P:

» Complete characterization
if p2 € (0,2]U{eo} or if Q and w are relatively P-moderate.
» Sufficient criteria and necessary criteria for all p, € (0,0].

o If P is almost subordinate to Q: Similar.

Applications:
o ML (RY) 2Myfﬁ2 (R¥): Complete characterization!
o Bit™ (R?) 252% (R?): Complete characterization!

MEr3* (R?) 2Sh2 % (R?): Complete characterization for o € [0, 3].

Bt (R?) 2Co (L5 % (R? x H)): Charact. for certain py, ps.

If you need an embedding for decomposition spaces, first try the framework!J
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Possible extensions:
@ Improved sufficient/necessary conditions for non-relatively moderate
coverings.
@ Improved criteria without subordinateness (already some results).
e Embedding <= boundedness of the identity operator
» Consider more general (pseudo-differential) operators
» Already covered by current framework: Dilations, modulations.

Literature:
e F. Voigtlaender, Embeddings of decomposition spaces,
arXiv:1605.09705
e F. Voigtlaender, Embeddings of Decomposition Spaces into Sobolev
and BV spaces, arXiv:1601.02201
e F. Voigtlaender, Embedding theorems for decomposition spaces with
applications to wavelet coorbit spaces, PhD thesis
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Thank you!



Thank you!

Questions, comments, counterexamples?
©



@ Backup Slides ©
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Sufficient criterion if P is almost subordinate to Q

Let

() = (e

zqz'('/qz)')ie/

ng'(‘h/qz)/ ’

where . .
_[idetS;P2 Tt det TN i py < 1,

uj i .— _ _
" {|det5j|p21p11, if pp > 1.

Theorem (FV)
If @ P is almost subordinate to Q,
® p1 < p2,
° (.plA) < oo, where plA == max{p1,p}
then O’ C O and the map
1: Dy (Q,LP1,00) — Dy (P, LP2,072), f = fl (o

is bounded.

F. Voigtlaender Embeddings of decomposition spaces FSDONA 2016 23/20



Necessary criterion if P is almost subordinate to Q

Let P be almost subordinate to Q. Let 1/p1i = mln{p1 J1—py }

: (C2(0) oy (o 1mngp)) = D (P L7, 62), 8~ 8

is bounded, then p; < py and (I* ) < oo, where
_ d P1 - .
)= | (it (esie )

i ng‘(r/qz)/>,’el
If P and v are relatively Q-moderate, then
Dg (Q, LP 47) — Dy (P, LP2,£32)

is equivalent to p; < p» and

[‘72‘(‘71/‘12)’

-1 s 1op;l-s
wi v -|det T;|° - |det S; |Pr P2 )
[ (Wit vi - det Tif et s 9
where s := (% = ﬁ) and where each j; € J; can be selected arbitrarily.
Py
+
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Embeddings for a-modulation spaces

Let a,B € [0,1] with o < 8 and define

0)._ 11 B 11
7 a(pyt—pt)+(a /3)( >+,

sz q1

A (ot —pr )+ (a— ) [ - L
=a(p, —p7) +(a—B) — | -
Q@2 p; "

We have M7 (RY) — MJ’,’:’I;E’2 (R?) if and only if p; < p> and

B <n+dyo, if g1 < g,
Y2<?’1+d(7(0)+(1—ﬁ)(%f1—q2_1)), if g1 > qo.

We have M}‘,’ll’;l (RY) — M232 (R?) if and only if p; < p> and

¥ <y +dyD, if 1 < qo,
Br<n+d(Y+(1-B)(a'-a"), fa>aq.

F. Voigtlaender
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Embeddings for Shearlet smoothness spaces

We h
& e 5[;;1,q1 (Rz) —y B2 (R2)
if and only if p; < po and
(-
2]
1
p.

a<B-3(p'-p")-3(Z&
(%

a<B-3(prt-pt) -
BEv o (R2) SN ng’qz (Rz)
if and only if p; < po and

Béa—%(qgl—pﬁ) =3 (pt—pt), ifqi<qo,
+

1

) ) ifq1§q27

+

) , i g1 > qo.
+

NI= N
2l 8l

We have

B<a—3 (qgl—pﬁ) —3(p=p), o> a
+

1
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Embeddings between Besov spaces (1)

We have Bg=™ (RY) < B> (R9) if p1 < po,

oa<d(p;t—pyt) <0, ifqi<py,
a<d(pt—p,') <0, ifq>py

and

(1)

B<oa+d(pt—pt), if qu<a,
B<a+d(pt—prt), ifa>aq.

Conversely, if BA-9 (RY) — Bgz’qz (R9), then p1 < p> and
a<d(prt—pyt) <0, if g1 <po,
a<d(pyl—py') <0, ifq>p

and equation (1) holds.
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Embeddings between Besov spaces (2)

We have BE* " (R?) — Bgz,qz (R9) if p1 < p> and

{ﬁ§a+d(p21—p11), if g1 < qo, @)

B<a+d(p'—pt), ifa>a,

as well as
B>d(pyt—prt), if g2>pl and p; € [L,00]
B>d(py'—1), ifga=cand p;€(0,1),
B>d(pyt—prt). ifqa<pi and py€[1,ed],
B>d(pyt—1), if gop < oo and p; €(0,1).

Conversely, if BE»" (RY) — Bgz,qz (R?), then py < p2, eq. (2) holds and

B>d(pst—pit), if g2>p1,
B>d(pyt—prt), ifq<pi,
B=d(p'-1), ifg=c,
B>d(pt-1), if o < oo.
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Embeddings of shearlet coorbit spaces into Besov spaces

Let c € (0,1] and u(*B): H. — (0,00), h+— thlHa- ]deth\ﬁ, as well as

1+c , _ _ _
a) ;= p (Pt =Pt —at +B+1/2),
_ _ _ 1 _
Y“):=—(1+C)(pll—pzl—q11+l3+1/2)+(C—1)<p—v—q11> :
2 +
If pr < p2 and
max{a,%—qfl}<a(1), if g1 >py,
max{c,0} < 1), if g1 <pJ,
as well as
y<a+yD, ifq<q
7<O‘+7(1)7 ifq1>q27
then

Co (L2858 (R? x He) ) < B2 (R?).

These conditions are necessary, if pJ is replaced by py everywhere.
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Embeddings of Besov spaces into shearlet coorbit spaces

Let c € (0,1] and u(*B): H. — (0,00), h+— thlHa- ]deth\ﬁ, as well as

1
“Q)::'f?f'Uél—wmn{LPfl}—q51+13+1/ﬂ7

1 1 1 1 1
S R U WP\ SPNTA SIS TR
= ) b1 p2 Qg2 P ( ) q2 p1 p1 +
If we have p; < p» and
min{a,ig—%}>a(2), ifplA>q2,
min{a,0} > a(®, if pf§q2,

as well as

y> o+, if g1 < g,
Y>O‘+7(2)7 If q1>Q2;

then B (R2) — Co (L%2,% (R x H) ).

These conditions are necessary, if pfA and plA are replaced by p;

everywhere.
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