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What?



What are Decomposition spaces?

Given
a suitable (frequency space!) covering Q = (Qi )i∈I of O⊂ Rd ,
a suitable partition of unity Φ = (ϕi )i∈I subordinate to Q,
a suitable weight w = (wi )i∈I ,

we define the associated decomposition space as

D(Q,Lp, `qw ) :=
{

f ∈ ???
∣∣∣(∥∥F−1 (ϕi · f̂ )

∥∥
Lp

)
i∈I ∈ `qw (I )

}
.

Note: `
q
w (I ) =

{
(ci )i∈I ∈ CI

∣∣∣(wi ·ci )i∈I ∈ `q (I )
}
.

It is often more convenient to regard g := f̂ as the main object of study.
 We will mainly consider the Fourier-side decomposition space
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But... WHY?



Motivation

Smoothness spaces are crucial in many areas of (harmonic) analysis, e.g.

the study of PDEs and the properties of their solution operators,

the study of ΨDOs and their mapping properties,

the study of approximation theoretic properties of frames
 study of coorbit spaces

Many important smoothness spaces are decomposition spaces:

Besov spaces (homogeneous and inhomogeneous),

(α)-modulation spaces,

All wavelet-type coorbit spaces (including shearlet coorbit spaces),

Shearlet smoothness spaces.

We want to bring order to the chaos: (How) are these spaces related?

How do the associated coverings look like?
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α-modulation spaces
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Wavelet-type coorbit spaces

Theorem (Führ, FV; 2014)

Let H ≤ GL
(
Rd) such that the

quasi-regular representation

[π (x ,h) f ] (y) = |deth|1/2 · f (h (y − x))

of Rd oH on L2 (Rd) is irreducible and
square-integrable.
Then, for a suitable weight w = wm,q,

Co(Lp,q
m (Rd oH))∼= D(QH ,Lp, `qw )

with the induced covering
QH := (h−T

i Q)i∈I

of the open dual orbit O := HT ξ0.

Hc =
{
±
(

a b
0 ac

)∣∣b ∈ R,a > 0
}

We can study coorbit spaces (e.g. embeddings between coorbit spaces
defined on different groups) using decomposition space theory.
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Shearlet smoothness spaces
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General question

Assume that:

Q = (Qi )i∈I = (TiQ ′i +bi )i∈I and P = (Pj)j∈J = (SjP ′j + cj)j∈J are
coverings of O,O′ ⊂ Rd , with
I Bε (ci )⊂ Q ′i ⊂ BR (0), in particular: λ (Qi )� |detTi |
I |i∗| ≤ N with i∗ := {` ∈ I |Q`∩Qi 6= ∅}, we say: Q is admissible

I
∥∥T−1

i T`

∥∥≤ C < ∞ for all i ∈ I and ` ∈ i∗,
I analogously for P.

w = (wi )i∈I and v = (vj)j∈J with
I wi/w` ≤ C < ∞ for all i ∈ I and ` ∈ i∗,
I analogously for v .

p1,p2,q1,q2 ∈ (0,∞].

When do we have
DF (Q,Lp1 , `q1

w ) ↪→DF (P,Lp2 , `q2
v )? (∗)

And what do we mean by that?
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Almost subordinateness and relative moderateness

We say that Q is almost subordinate to P if

∃N ∈ N∀i ∈ I ∃ji ∈ J : Qi ⊂ PN∗
ji .

Roughly: Q is finer than P.

A weight w = (wi )i∈I is relatively moderate with respect to P if

sup
j∈J

sup
i ,`∈Ij

w`

wi
< ∞.

Roughly: wi � w` if the “small” sets Qi ,Q` intersect the same “large” set Pj .

The covering Q = (Qi )i∈I = (TiQ ′i +bi )i∈I is relatively moderate with
respect to P if the weight (|detTi |)i∈I is relatively P-moderate.

Roughly: If the “small” sets Qi ,Q` intersect the same “large” set Pj , then
λ (Qi )� λ (Q`).
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A sufficient criterion

For r ∈ (0,∞] and j ∈ J, let

Ij := {i ∈ I |Qi ∩Pj 6= ∅} .
and

(�r ) :=

∥∥∥∥∥
(

vj ·
∥∥∥∥(|detTi |p

−1
1 −p−1

2 /wi

)
i∈Ij

∥∥∥∥
`r ·(q1/r)

′

)
j∈J

∥∥∥∥∥
`q2 ·(q1/q2)

′
,

Theorem (FV; 2015)
If Q is almost subordinate to P,

p1 ≤ p2,

(�pO2 ) < ∞, for pO2 := min{p2,p′2}
then O⊂ O′ and the map

ι : DF (Q,Lp1 , `q1
w ) ↪→DF (P,Lp2 , `q2

v ), g 7→ ∑i∈I ϕig

is bounded and ιg ∈D′ (O′) extends g ∈DF

(
Q,Lp1 , `q1

w
)
≤D′ (O).
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Necessary criteria

Recall: With

(�r ) :=

∥∥∥∥∥
(

vj ·
∥∥∥∥(|detTi |p

−1
1 −p−1

2 /wi

)
i∈Ij

∥∥∥∥
`r ·(q1/r)

′

)
j∈J

∥∥∥∥∥
`q2·(q1/q2)

′
,

it is sufficient for the embedding if
Q almost subordinate to P,
p1 ≤ p2,
(�pO2 ) < ∞, where pO2 = min{p2,p′2}.

Theorem (FV; 2015)
Conversely, if Q is almost subordinate to P and if(

C∞
c (O) ,‖·‖DF(Q,Lp1 ,`

q1
w )

)
↪→DF (P,Lp2 , `q2

v ),g 7→ g

is bounded, then p1 ≤ p2 and .
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Improvements for relatively moderate coverings

If O = O′,
Q = (TiQ ′i +bi )i∈I is almost subordinate to P = (SjP ′j + cj)j∈J ,
Q and w are relatively moderate with respect to P,

then, for each j ∈ J select some ij ∈ Ij , i.e. with Qij ∩Pj 6= ∅ and set

(Fr ) :=

∥∥∥∥∥
(

vj

wij
· |detTij |

p−1
1 −

(
1
r −

1
q1

)
+
−p−1

2 · |detSj |
(

1
r −

1
q1

)
+

)
j∈J

∥∥∥∥∥
`q2 ·(q1/q2)

′
.

Then, (�r ) � (Fr ) with (�r ) as above, i.e.,

(�r ) :=

∥∥∥∥∥
(

vj ·
∥∥∥∥(|detTi |p

−1
1 −p−1

2 /wi

)
i∈Ij

∥∥∥∥
`r ·(q1/r)

′

)
j∈J

∥∥∥∥∥
`q2 ·(q1/q2)

′

Theorem (FV; 2015)

Under the above assumptions, DF

(
Q,Lp1 , `q1

w
)
↪→DF

(
P,Lp2 , `q2

v
)

holds if
and only if if we have p1 ≤ p2 and (FpO2 ) < ∞.
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Sample application

When do we have

Mp1,q1
s1 (Rd )

?
↪−→ Bp2,q2

s2 (Rd ) (F)

Q = (id ·(−1,1)d +k)k∈Zd ,

P = (Pn)n∈N0
with P0 = B2 (0) and

Pn = 2n ·
[
B2 (0)\B1/2 (0)

]
+0 for n ∈ N.

vn := 2ns2 � 〈ξ 〉s2 and wk := 〈k〉s1 � 〈η〉s1 for ξ ∈ Pn and η ∈ Qk .

1 Easy: Q almost subordinate to P.
2 Furthermore: wk � 〈ξ 〉s1 � 2ns1 for ξ ∈ Qk ∩Pn 6= ∅.
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Summary

We provided a general framework for embeddings

DF (Q,Lp1 , `q1
w ) ↪→DF (P,Lp2 , `q2

v ).

If Q is almost subordinate to P:
I Complete characterization

if p2 ∈ (0,2]∪{∞} or if Q and w are relatively P-moderate.
I Sufficient criteria and necessary criteria for all p2 ∈ (0,∞].

If P is almost subordinate to Q: Similar.

Applications:
Mp1,q1

γ1,α

(
Rd) ↪→

←↩M
p2,q2
γ2,β

(
Rd): Complete characterization!

Bp1,q1
γ1

(
R2) ↪→

←↩S
p2,q2
γ2

(
R2): Complete characterization!

Mp1,q1
γ1,α

(
R2) ↪→

←↩S
p2,q2
γ2

(
R2): Complete characterization for α ∈

[
0, 1

2

]
.

Bp1,q1
γ1

(
R2) ↪→

←↩Co
(
Lp2,q2

u
(
R2oHc

))
: Charact. for certain p1,p2.

If you need an embedding for decomposition spaces, first try the framework!
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Outlook

Possible extensions:

Improved sufficient/necessary conditions for non-relatively moderate
coverings.
Improved criteria without subordinateness (already some results).
Embedding ⇐⇒ boundedness of the identity operator
I Consider more general (pseudo-differential) operators
I Already covered by current framework: Dilations, modulations.

Literature:
F. Voigtlaender, Embeddings of decomposition spaces,
arXiv:1605.09705
F. Voigtlaender, Embeddings of Decomposition Spaces into Sobolev
and BV spaces, arXiv:1601.02201
F. Voigtlaender, Embedding theorems for decomposition spaces with
applications to wavelet coorbit spaces, PhD thesis
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Sufficient criterion if P is almost subordinate to Q

Let

(�r ) :=

∥∥∥∥(w−1
i ·

∥∥∥(vj/ui ,j)j∈Ji

∥∥∥
`q2·(r/q2)

′

)
i∈I

∥∥∥∥
`q2·(q1/q2)

′
,

where

ui ,j :=

{
|detSj |p

−1
2 −1 · |detTi |1−p−1

1 , if p1 < 1,

|detSj |p
−1
2 −p−1

1 , if p1 ≥ 1.

Theorem (FV)
If P is almost subordinate to Q,

p1 ≤ p2,
(�p41

) < ∞, where p41 := max{p1,p′1},

then O′ ⊂ O and the map

ι : DF (Q,Lp1 , `q1
w )→DF (P,Lp2 , `q2

v ), f 7→ f |C∞
c (O′)

is bounded.
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Necessary criterion if P is almost subordinate to Q

Let P be almost subordinate to Q. Let 1/p±41 = min
{
p−1
1 ,1−p−1

1
}
.

If
(
C∞

c
(
O′
)
,‖·‖DF(Q,Lp1 ,`

q1
w )

)
↪→DF (P,Lp2 , `q2

v ),g 7→ g

is bounded, then p1 ≤ p2 and (�∗p1
) < ∞, where

(�∗r ) :=

∥∥∥∥(w−1
i ·

∥∥∥∥(|detSj |p
−1
1 −p−1

2 · vj

)
j∈Ji

∥∥∥∥
`q2·(r/q2)

′

)
i∈I

∥∥∥∥
`q2·(q1/q2)

′
.

If P and v are relatively Q-moderate, then

DF (Q,Lp1 , `q1
w ) ↪→DF (P,Lp2 , `q2

v )

is equivalent to p1 ≤ p2 and∥∥∥(w−1
i · vji · |detTi |s · |detSji |

p−1
1 −p−1

2 −s
)

i∈I

∥∥∥
`q2·(q1/q2)

′ < ∞,

where s :=

(
1
q2
− 1

p±41

)
+

and where each ji ∈ Ji can be selected arbitrarily.
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Embeddings for α-modulation spaces

Let α,β ∈ [0,1] with α ≤ β and define

γ
(0) := α

(
p−1
2 −p−1

1
)

+ (α−β )

(
1
pO2
− 1

q1

)
+

,

γ
(1) := α

(
p−1
2 −p−1

1
)

+ (α−β )

(
1
q2
− 1

p±41

)
+

.

We have Mp1,q1
γ1,α

(
Rd) ↪→Mp2,q2

γ2,β

(
Rd) if and only if p1 ≤ p2 and{

γ2 ≤ γ1 +dγ(0), if q1 ≤ q2,

γ2 < γ1 +d
(
γ(0) + (1−β )

(
q−1
1 −q−1

2
))

, if q1 > q2.

We have Mp1,q1
γ1,β

(
Rd) ↪→Mp2,q2

γ2,α

(
Rd) if and only if p1 ≤ p2 and{

γ2 ≤ γ1 +dγ(1), if q1 ≤ q2,

γ2 < γ1 +d
(
γ(1) + (1−β )

(
q−1
1 −q−1

2
))

, if q1 > q2.
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Embeddings for Shearlet smoothness spaces

We have
Sp1,q1

β

(
R2) ↪→ Bp2,q2

α

(
R2)

if and only if p1 ≤ p2 andα ≤ β − 3
2

(
p−1
1 −p−1

2
)
− 1

2

(
1
pO2
− 1

q1

)
+
, if q1 ≤ q2,

α < β − 3
2

(
p−1
1 −p−1

2
)
− 1

2

(
1
pO2
− 1

q1

)
+
, if q1 > q2.

We have
Bp1,q1

α

(
R2) ↪→ Sp2,q2

β

(
R2)

if and only if p1 ≤ p2 and
β ≤ α− 1

2

(
q−1
2 −

1
p±41

)
+

− 3
2

(
p−1
1 −p−1

2
)
, if q1 ≤ q2,

β < α− 1
2

(
q−1
2 −

1
p±41

)
+

− 3
2

(
p−1
1 −p−1

2
)
, if q1 > q2.
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Embeddings between Besov spaces (1)

We have Ḃp1,q1
α

(
Rd) ↪→ Bp2,q2

β

(
Rd) if p1 ≤ p2,{

α ≤ d
(
p−1
1 −p−1

2
)
≤ 0, if q1 ≤ pO2 ,

α < d
(
p−1
1 −p−1

2
)
≤ 0, if q1 > pO2

and {
β ≤ α +d

(
p−1
2 −p−1

1
)
, if q1 ≤ q2,

β < α +d
(
p−1
2 −p−1

1
)
, if q1 > q2.

(1)

Conversely, if Ḃp1,q1
α

(
Rd) ↪→ Bp2,q2

β

(
Rd), then p1 ≤ p2 and{

α ≤ d
(
p−1
1 −p−1

2
)
≤ 0, if q1 ≤ p2,

α < d
(
p−1
1 −p−1

2
)
≤ 0, if q1 > p2

and equation (1) holds.

F. Voigtlaender Embeddings of decomposition spaces FSDONA 2016 27/20



Embeddings between Besov spaces (2)

We have Bp1,q1
α

(
Rd) ↪→ Ḃp2,q2

β

(
Rd) if p1 ≤ p2 and{

β ≤ α +d
(
p−1
2 −p−1

1
)
, if q1 ≤ q2,

β < α +d
(
p−1
2 −p−1

1
)
, if q1 > q2,

(2)

as well as 
β ≥ d

(
p−1
2 −p−1

1
)
, if q2 ≥ p41 and p1 ∈ [1,∞]

β ≥ d
(
p−1
2 −1

)
, if q2 = ∞ and p1 ∈ (0,1) ,

β > d
(
p−1
2 −p−1

1
)
, if q2 < p41 and p1 ∈ [1,∞] ,

β > d
(
p−1
2 −1

)
, if q2 < ∞ and p1 ∈ (0,1) .

Conversely, if Bp1,q1
α

(
Rd) ↪→ Ḃp2,q2

β

(
Rd), then p1 ≤ p2, eq. (2) holds and

β ≥ d
(
p−1
2 −p−1

1
)
, if q2 ≥ p1,

β > d
(
p−1
2 −p−1

1
)
, if q2 < p1,

β ≥ d
(
p−1
2 −1

)
, if q2 = ∞,

β > d
(
p−1
2 −1

)
, if q2 < ∞.
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Embeddings of shearlet coorbit spaces into Besov spaces

Let c ∈ (0,1] and u(α,β) : Hc → (0,∞) ,h 7→
∥∥h−1

∥∥α · |deth|β , as well as

α
(1) : =

1+ c
c
·
(
p−1
1 −p−1

2 −q−1
1 + β +1/2

)
,

γ
(1) : =−(1+ c)

(
p−1
1 −p−1

2 −q−1
1 + β +1/2

)
+ (c−1)

(
1
pO2
−q−1

1

)
+

,

If p1 ≤ p2 and {
max

{
α, 1

pO2
−q−1

1

}
< α(1), if q1 > pO2 ,

max{α,0} ≤ α(1), if q1 ≤ pO2 ,

as well as {
γ ≤ α + γ(1), if q1 ≤ q2

γ < α + γ(1), if q1 > q2,

then
Co
(
Lp1,q1

u(α,β)

(
R2oHc

))
↪→ Bp2,q2

γ

(
R2) .

These conditions are necessary, if pO2 is replaced by p2 everywhere.
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Embeddings of Besov spaces into shearlet coorbit spaces

Let c ∈ (0,1] and u(α,β) : Hc → (0,∞) ,h 7→
∥∥h−1

∥∥α · |deth|β , as well as

α
(2) : =

1+ c
c
·
(
p−1
2 −min

{
1,p−1

1
}
−q−1

2 + β +1/2
)
,

γ
(2) : = (1+c)

(
1
p1
− 1

p2
+

1
q2
−β−1

2

)
+ (1−c)

(
1
q2
−min

{
1
p1

,1− 1
p1

})
+

.

If we have p1 ≤ p2 andmin
{

α, 1
p41
− 1

q2

}
> α(2), if p41 > q2,

min{α,0} ≥ α(2), if p41 ≤ q2,

as well as {
γ ≥ α + γ(2), if q1 ≤ q2,

γ > α + γ(2), if q1 > q2,

then Bp1,q1
γ

(
R2) ↪→ Co

(
Lp2,q2

u(α,β)

(
R2oHc

))
.

These conditions are necessary, if p±41 and p41 are replaced by p1
everywhere.
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