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The objects and a problem.

Let
Q (M, g) be a smooth compact Riemannian manifold (possibly) with boundary.
@ A be an elliptic differential operator of order 2, generated by the following expression

Au = —div(AVu) + bVu + cu

© Q be a subdomain (of M) with continuous boundary 9 € C°~(")
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Q (M, g) be a smooth compact Riemannian manifold (possibly) with boundary.
@ A be an elliptic differential operator of order 2, generated by the following expression

Au = —div(AVu) + bVu + cu

© Q be a subdomain (of M) with continuous boundary 9 € C°~(")

Consider

Dirichlet problem
Au=f, feHQ), (1)

solution u € H L(Q) is understood in the weak variational sence.
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The objects and a problem.
Let

Q (M, g) be a smooth compact Riemannian manifold (possibly) with boundary.
@ A be an elliptic differential operator of order 2, generated by the following expression

Au = —div(AVu) + bVu + cu

© Q be a subdomain (of M) with continuous boundary Q) ¢ C%+()

Consider

Dirichlet problem
Au=f, feH '(Q),

solution u € H L(Q) is understood in the weak variational sence.

(1)

We are interested in:

What one can say about smoothness of solution u? Is it possbile to ensure that u € H'*42(Q) when
f € H-1T51(Q). How does the operator and the boundary 92 impact on the value of &,.

vy
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Known results.

Theorem (Nirenberg, 1955 / Lions—Magenes, 1972)

Let
Q Q be a bounded domain of R%, 9Q € C1 or Q — convex
Q A=-A,
Q feLy(N).

Then solution of (1) belongs to H2(€2) N H(1).
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Known results.

Theorem (Nirenberg, 1955 / Lions—Magenes, 1972)

Let
Q Q be a bounded domain of R%, 9Q € C1 or Q — convex
Q A=-A,
Q feLyN).

Then solution of (1) belongs to H2(€2) N H(1).

Theorem (Jerison—Kenig, 1982)

Let
© Q) be a bounded domain of RY, Q € C01,
Q A=-A,

Q fe H Q) s€(0,1/2).
ue 3 (Q).
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Known results.

Theorem (Savare, 1998)

Let
Q Q be a bounded domain of R4, Q € C91,
Q a¥ € WH*(Q),b,c € L=(Q),
Q fec H'(Q), se€(0,1/2).

ue T3 (Q).
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Known results.

Theorem (Savare, 1998)
Let
Q Q be a bounded domain of RY, Q € C%1,
Q a¥ e WH*°(Q),bt,c € L>=(Q),
Q fec H'*(Q), s€(0,1/2).
u e H'(Q).

However (Jerison—Kenig, 1995)
Let A= —A, then:

For any € > 0 there is a domain ) with Lipschitz boundary and a right-hand side f € H A such
that the solution u does not belongs to H>/?>¢(Q). Moreover, one can find f even from C>(Q).
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Known results.

Theorem (Savare, 1998)
Let
Q Q be a bounded domain of RY, Q € C%1,
Q a¥ e WH*°(Q),bt,c € L>=(Q),
Q fec H'*(Q), s€(0,1/2).
u e H'(Q).

However (Jerison—Kenig, 1995)
Let A= —A, then:

For any € > 0 there is a domain ) with Lipschitz boundary and a right-hand side f € H A such
that the solution u does not belongs to H>/?>¢(Q). Moreover, one can find f even from C>(Q).

Definition
H?(Q) = {uc H°(RY) | suppu C O}
o
2016 4/ 12



Two solving operators:

For our purpose it's convenient to introduce the following solving operators

Go: HY(Q) — HY(Q)

R : HY(M) — HY(M)
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Two solving operators:

For our purpose it's convenient to introduce the following solving operators:

Go: HY(Q) — HY(Q)
Raq: H-Y(M) — HY (M)

Theorem (T., EMJ 2015)

Let 90 € C%7, Q€ M, v € (0,1], t € (0,1) and
Q AcC%(M)
Q b€ Lase (M)
© cc Wl (ar)

Then the following operator are bounded

gQ . H—1+S(M) — ﬁl-‘r’ys(M)
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Nikol'skii — Besov spaces.
Let X be a Banach space of functions, Apu = uj, — u, up(x) = u(x + h), @ be a vector of moduli
continuity, {ey,e2,...,eq} be a basis of R?, ¢ € [1,00]. Then

max ||Ah€iu||X
i wi(|h])

o def
BP(x) {u € X

<00 p,
L3 (R)
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Nikol'skii — Besov spaces.
Let X be a Banach space of functions, Apu = uj, — u, up(x) = u(x + h), @ be a vector of moduli
continuity, {ey,e2,...,eq} be a basis of R?, ¢ € [1,00]. Then

||Ah€iu||X
wi(|h])

max
i

o def
BP(x) {u € X

<00 p,
L3 (R)

Lo ® = [f (W)L r) = esssup |f(h)].

/
where [[£(1)]2;) = (i [7WI78) ™" g € [1,00) and [17(h)
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Nikol'skii — Besov spaces.

Let X be a Banach space of functions, Apu = uj, — u, up(x) = u(x + h), @ be a vector of moduli
continuity, {ey,e2,...,eq} be a basis of R?, ¢ € [1,00]. Then
<00 p,
L3 (R)

/
where [[£(h)]12;) = (i [FI78) ™", g € [1.00) and 7]

For k € Z we denote

||Ah€iu||X
wi(|h])

max
i

o def
BP(x) {u € X

R) = ”f(h)”Loo(R) = eSSSUP|f(h)\-

BEZ([RY) € B (WHRTY), KF[RY) E BZ (WE(RY)

q
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Nikol'skii — Besov spaces.

Let X be a Banach space of functions, Apu = uj, — u, up(x) = u(x + h), @ be a vector of moduli
continuity, {ey,e2,...,eq} be a basis of R?, ¢ € [1,00]. Then
<00 p,
L3 (R)

/
where [[£(h)]12;) = (i [FI78) ™", g € [1.00) and 7]

For k € Z we denote

| Ape, ullx
wi(|hl)

max
i

o def
BP(x) {u € X

®) = [f (W)l r) = esssup[f(h)].

def = def

By@(RY) = BY (Wr(RY), KE9RY) = BL (Wr(RY)
For example, if @ = ((-)7, (-)7,...,()"), v € (0,1), then

B;I::;;(Rd) — B(g(.)w’(.)w,...’(.)v) (W;(Rd)) _ B;;V(Rd)

K}’;M(Rd) - B(()g)ﬂ(d”,m,(o") (Wf(Rd)) - le)«ﬂ(Rd)’

Fp (OO @) = BOOO) (WERY) = Wi+ (&),

where BE+s N} and W)™ are Besov, Nikol'skii and Sobolev spaces.
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Nikol'skii — Besov spaces.

Let us define K—spaces with negative smoothness on domains. For this aim consider the following spaces

~;§’E(Q) = [CSO(Q)]KJ’;W(Rd)

then for k£ € N we denote by

K59 (0) = (fcﬁ‘“(m) 1y —1.

Since on manifolds we have no linear structure, we should intrdouce some athlas V w.r.t. we can
. . . . . kT
measure anisotropic smoothness. Hence, we will use the following notation (Kp, ’w(Q)>
v
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Pointwise multipliers to negative smoothness.
Let us introduce spaces of pointwise multipliers.

Let X, Y be functional Banach spaces such that C§°(2) densely imbedded to X and Y. Then the space
MX->Y)=MY = X")

consists of all functions u, such that the following estimate holds

Jo lu-v - wldVol
sup A2 E ke < o
v, wWECE (Q), vl x llwlly
llvll x=1
flwlly=1

One more thing. For moduli continuity wy, ws we say that w; < wo, if there exists such constants C
that wa(x) < Cwy(z) holds for all z € [0,1]. For instance k" < h72, if 1 < 7.

Tsylin I.V. (Lomonosov MSU) On boundary value problems 2016 8 /12



Theorem
Let 02 € Cg’w and
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Theorem
Let 0N € C’g’w and

Al Yz € M,Vén € @cTiM = AE®7) = A(n® &);

v
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Theorem
Let 0N € C’g’w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 3a>0:Vz e MVE€RcTIM = aG(E®E) < A(ERE);

v
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Theorem
Let 0N € C’g’w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 3a>0:Vz e MVE€RcTIM = aG(E®E) < A(ERE);

A3 Ac C'\O;’;(M), % = (s11,...,24), >, be moduli continuity.
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Theorem
Let 0N € C’g’w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 3a>0:Vz e MVE€RcTIM = aG(E®E) < A(ERE);

A3 Ac C'\O;’;(M), % = (s11,...,24), >, be moduli continuity.

Ad.be M (LQ(Q) - (K;W)V (Q)), ceM (Hl(Q) - (K;W) (Q)).

1%
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Theorem

Let 0N € C’%w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 Jda>0:Ve e M VE e @cTiM = aGE®E) < A(E®E);

A3 Ac Cg’;(M), % = (s11,...,24), >, be moduli continuity.

Ad.be M (LQ(Q) - (K;W)V (Q)), ceM (Hl(sz) - (K;W) (Q)).

v
Then the solving operator R is bounded:

R: (Byi®) (@~ (M%) (@) &= (... e,
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Theorem

Let 0N € C’%w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 Jda>0:Ve e M VE e @cTiM = aGE®E) < A(E®E);

A3 Ac Cg’;(M), % = (s11,...,24), >, be moduli continuity.

Ad.be M (LQ(Q) - (K;W)V (Q)), ceM (Hl(sz) - (K;W) (Q)).

v
Then the solving operator R is bounded:
(p-1% SilE _
R: (B2,1 )V(Q) - (N2 )V(Q)’ €= (e1,-.-,€a),
where

° ¢; X/,
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Theorem

Let 0N € Cg,w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 Jda>0:Ve e M VE e @cTiM = aGE®E) < A(E®E);

A3 Ac Cg’;(M), % = (s11,...,24), >, be moduli continuity.

Ad.be M (LQ(Q) - (K;W)V (Q)), ceM (Hl(sz) - (K;W) (Q)).

v
Then the solving operator R is bounded:

R: (Byi®) (@~ (M%) (@) &= (... e,

where
° ¢; X/,
e dce (0,1): ¢ <15, i=1,...,d,
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Theorem

Let 0N € Cg,w and

Al Vz e M, Ve, € QcTiM = AER17) = A ®E);

A2 Jda>0:Ve e M VE e @cTiM = aGE®E) < A(E®E);

A3 Ac Cg’;(M), % = (s11,...,24), >, be moduli continuity.

Ad.be M (LQ(Q) - (K;W)V (Q)), ceM (Hl(sz) - (K;W) (Q)).

v
Then the solving operator R is bounded:

R (B,;}f)v (@ = (M%) (@), &= (e, sca),

%
where
° € =/,
e dce (0,1): ¢ <15, i=1,...,d,
e ¢ =¢€owj;, j=1,...,d—1
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Theorem (Holder case)

Let 30 € O, w = (wr, - .. ,wa), wi, € (0,1], and

Al Yz e M,Vén e @cTiM = AE®7) = A(n®£);

A2 Ja>0:Vz e M V¢ € @cTiM = aG(E®¢) < A(E®E);
A3 Ac CY*(M), 3= (501,...,4), » € (0,1].

—1+y 71 — 14
A4.be M (Ly(@) — (K; )V (@), ce M (H(@) - (K; )V (). % € (©,1].
Then the solving operator R is bounded:
R:(B71*), @ = (N3*) (@), e=(a,....ca), e €(0D),

where

o ¢; < /2,

° ¢, <y, t=1,...,d,

® GjZGd'wj,j:].,...,d—l.
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Due to M. L. Goldman results, it is possible to get sufficient conditions for satisfying (A4).
For example, L, () < M(Ly(Q) — K, "7(Q)), if

. t
infy ..p —¢ MaXi<icg —F2—
t1ta=t 1<j<d 5 (¢;)

Vi

<oo, 1/g+1/r=1/2.

L.[0,1]

Similarly, one has K 17(Q) < M(H'(Q) — K, "7(Q)), if for 1/s1 + 1/s2 + 1/s3 = 1 the following
estimate holds

. tA
infy,..4,—¢ MaxX1<j<d =4
t1-tg=t 1<5<d ’Yj(tj)

Vit

infy,..ey=e maxi<j<a 75 (t))

Vit

< 00,
L.,[0,1]

Ley[0,1]

If v;(-) = ()%, then for some ¢ > 0
Ly 1+0(0) = M(Lo() = K5 7(2)

K7} 7(Q) < M(HY(Q) — K3 7(Q)).
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