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Introduction

e Let (£2,X) be a measurable space and p a o-finite measure on (2, X).
|f1gp07ép1goo,0<9<1,o<q§ooand%:1;79+§,

(L™ (), L7 (1)) 0.9 = LP9(n),
with equivalence of quasi-norms. In particular,
(L), L ()11 p = LP(1), 1< p <o

e |f m is a vector measure, then a similar result does not hold. Thus,
(LY (m), L®(m)); 1, € LP(m), 1<p<oc.
5
The inclusion L°°(m) C L*(m) is weakly compact and thus, by Beauzamy's
result, (L'(m), L>°(m));_1 , is reflexive for 1 < p < co.
5
THEOREM (Beauzamy, Lecture Notes in Math. (1978))

Let0<f<land1l<g<oo.

(Ao, A1)g.q is reflexive < [ : AgN Ay — Ag + A; is weakly compact.

However, LP(m), p > 1, is not reflexive whenever L'(m) # Ll (m).
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Introduction

@ A. Ferndndez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of

scalar integrable functions with respect to vector measures, J. Math. Anal. Appl. 376
(2011), 203-211.
THEOREM (Ferndndez, Mayoral and Naranjo, J. Math. Anal. Appl. (2011))

If0<f<1,0<qg<ooand %:1—9, it holds
(L (m), L2(m)), . = (Lh(m), L%(m)),, . = LP(|ml]).

e The Lorentz space A%(|m||)
For 0 < g < co and a non-negative function ¢ on (0, 00), AZ(|[ml]) is the
space of (m-a.e. equivalence classes of) scalar measurable functions on Q s.t.

hsam = ([ (oA)02)° df) < o0

(with the usual modification for g = oc). Here f, is the decreasing
rearrangement (w.r.t. m) of f given by

fo(t) ;== inf{s > 0:||m||({w € Q:|f(w)| > s}) < t},
and ||ml|(A) :=sup {|(m, x*)| (A) : x* € B(X*)} the semivariation of m.
If o(t) = /7, Ag(||m|)=LP(||m]).
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Introduction

e Let Q be non-empty set, ¥ a o-algebra of Q and X a Banach space. Let
m : ¥~ — X be a countably additive vector measure.

L%(m) denotes the space of all scalar measurable functions on Q.
f,g € L°(m) will be identified if are equal m-a.e., that is, whenever

Iml[({w € Q: f(w) # g(w)}) = 0.

o f € L%m) is called integrable (w.r.t. m) if
i) feLr(|(m,x*)]), forall x* € X* (i.e. f is weakly integrable w.r.t. m)
i) given any A € ¥, there exists an element [, fdm € X such that
([, fdm, x*) = [, fd{m,x*), for all x* € X*.
Let
LL(m):={f: f is weakly integrable},
LY(m) := {f : f is integrable},
endowed with the norm

Il i=sup{ [ 1Fldltm ) x e B(X*)}.
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Introduction

e Given 1 < p < oo, f € L%(m) is said to be
i) weakly p-integrable (w.r.t. m) if |f|P € L% (m),
i) p-integrable (w.r.t. m) if |f|P € L}(m),

; LP (m) := {f : f is weakly p-integrable},
LP(m) :={f : f is p-integrable},
with the norm 1p
||f||p :—sup{</|f|Pd|<m,x*>|) :x*eB(X*)}.
e Some properties: ?
- LP(m) is a Banach lattice with order continuous norm.
- LB (m) is a Banach lattice with the Fatou property.
- LP(m) and LB (m) may not be reflexive for p > 1.
-If 1< p1 < p2 < o0, then
L%(m) € LP2(m) C Lz (m) € LP*(m) € LE}(m) C L'(m) C L, (m).

@ A. Ferndndez, F. Mayoral, F. Naranjo, C. Sdez and E.A. Sdnchez—Pérez, Spaces of
p-integrable functions with respect to a vector measure, Positivity 10 (2006), 1-16.
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Introduction

and m coincide. But in
general, for an arbitrary vector measure m, it holds that

LP(m) # LP([m]l) := LZP(lml]), 1 < p < oo
We have the following continuous inclusions:

Lo(m) € L73(||m])) LP([lml]) < LP(m

C )
C LP(m) C LE(m) C LP>(||m|) C L2>°(||m])).
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Real interpolation

e A non-negative function p defined on R* := (0, 00) belongs to the class
Q(0, 1) if there exists 0 < £ < 1/2 such that
p(t)t~¢ is non-decreasing (1) and p(t)t~(~%) is non-increasing (1).
@ L.E. Persson, Interpolation with a parameter function, Math. Scand. 59 (1986),
199-222.

e For a quasi-Banach couple (Xp, X1), the real interpolation space
(X0, X1)p,q. p € Q(0,1), 0 < g < 00, consists of all x € Xo + X for which

[e7e] /q
K(t,x;xo,xl)r dt)l
X = —_— | — < 00,
H ||P7q (/0 [ p(t) t

(with the usual modification for ¢ = 00), where the K-functional is defined
for t >0 as
K(t,x; Xo, X1) = inf{||xollx, + tllx1llx, : x =x0+x1, xi € Xi}, x € Xo+ Xi1.

e When p(t) = t?, 0 < 6 < 1, we get the classical space (X, X1)g.4-

e It holds that

1 00 N «
(L) L200) i3 1 o ey -eg — L7 (lo8 L) (10)-
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Other similar classes of functions

e By : p € C(R™) non-decreasing such that
t:
p(t) = sup olts) < oo for every t > 0,
5>0

p(s)

< 1y_ .dt
/o mln{l,?}p(t)T < 00.
e By : p € C(RT) satisfying
tp'(t tp'(t
0 < inf P(t) < sup P()
>0 p(t) >0 p(t)

e Pt~ : p(t) non-decreasing, p(t)/t non-increasing and

< 1.

p(t) = o(max{1l,t}) ast— 0andt — occ.

PROPOSITION (Gustavsson, Math. Scand. (1978) / Persson, Math. Scand. (1986))
a) B, € Q(0,1) CP.
b) By C Bk CPt~.
c) If p e Pt~, there exists ¢ € By, such that p ~ ¢.
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Interpolation with a
parameter function and integrable function spaces with respect to vector measures,
Math. Ineq. Appl. 18 (2015), 707-720.

e The K-functional for (L*(]|m||), L°°(m)) and (L2>°(||m||), L°°(m)):

PROPOSITION

For each f € L1(||m|)),
K (2, £ L3(|lm])), L(m)) = / min{t, |m[|¢(s)} ds = / f.(s)ds,
where ||m||¢(t) := ||m||({w € Q : |f(w)| > t}).

PROPOSITION

It holds that
sggsmin{t, Imlle(s)} = K (t, £ L5°([|ml]), L2(m))

for all £ € L1°°(||m]|). In particular (taking s := £.(t)/2),
tf(t) < K (¢, F; L(||ml]), L (m)) .
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The next result follows from these estimates for the K-functional and
weighted Hardy's inequality for non-increasing functions:

t
Let p € Q(0,1), 0 < g < oo and ¢(t) = m Then,

(L(ml). L2=(m)) = (L2 (|m])), L=(m)) = A([lm]]).

In particular, if 0 < 6 < 1, it holds that

(L (lmll), L2(m)), o = (L==(llmll), L=(m)),

1

L= ([ ml).

Antonio Manzano Universidad de Burgos

On interpolation of spaces of integrable functions with respect to a vector measure



Real interpolation

Using the last theorem, reiteration and the continuous inclusions
L>(m) C L"(|Im[[) € L"(m) C L, (m) C L">(||m[)), r=>1,

THEOREM

|

|

|

S
i |
3|

|

If1<py+#p1<oo,pe Q(0,1), p(t) = ————~ and 0 < g < o0,
()

(L>(m), LP1(m)),, o = (L2 (m), LP*(m)),, o = (L2 (m), L (m)), o = N (lml]).

In particular, if 0 < 8 < 1 and % = We + —, it holds that

(L7 (m), LP1(m))g 4 = (L2 (m), LP(m))g o = (LT (m), L3} (m))g o = L>([[ml]).

COROLLARY

For p(t) = t17%(1+ [logt])™*, 1< p<o0,0<qg<ocoand a€R,
(L (m), L=(m)) = (LL(m), L=(m)) , . = LP9(log L)*(|m]).

When o(t) = t%(l + [log t))*, AL([|ml|) = LP9(log L)*(|[m]|), that can be
considered the version of Lorentz-Zygmund space in the vector case.
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THEOREM

Let p€ Q(0,1), 1 < p< o0 and 0 < qo,q,q1 < 0.
a) If o € Q(0,1),

T N __polt)
(g Ulml), L= (m))p.q = A (Ulmll), (1) = 22
b) If o1 € Q(0,1/p) (ie. r(t)t= 1 and ga()t” (7°) | for some 0 < e < L),
, o () Al N
(L (llmlD). AZ lmi))g = AZImI). - o() = —rarrrsy

c) If ;i € Q(0,1),i=0,1, and ¢ := % € Q(0, b) for some b € R (ie.
(1)t~ 1 and ¢(t)t=(b=) | for some 0 < € < g),

(AZUIm1D), AZ (ImlD)p.q = AZ(ImID),  o(t) = p(g&oz’;(;%il(t)).
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Complex interpolation

@ A. Ferndndez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex
interpolation of spaces of integrable functions with respect to a vector measure,
Collect. Math. 61 (2010), 241-252.

THEOREM (Fernindez, Mayoral, Naranjo and Sanchez-Pérez, Collect. Math. (2010))

Given 1 < po # p1 <00,0< @ <1land L =12 4 % it holds that
[LP(m), LP(m)]je) = [LW (m), L (m)]je) = [LE (m), LG (m)]jg) = LP(m),

(L7 (m), L2 (m)]¥) = [L52(m), LP(m)]) = [LB2 (m), LB (m)]O = L§,(m).
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Orlicz spaces L?(m) and L% (m) generalize the spaces LP(m) and LP (m),
respectively. We are interested in studying if the following equalities hold:

(L7 (m), L (m)] gy = [L3 (m), L (m)]ggy = [L5 (m), L} (m)]jey = L?(m),

(L9 (m), L2 (m)]] = [Lg2 (m), L2 (m)]] = [Lg2 (m), L3} (m)]] = L5, (m).
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@ R. Campo, A. Ferndndez, A. M., F. Mayoral and F. Naranjo, Complex interpolation
of Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

e Given ¢g, 1 € Dy, 0 <0 <1, 671 = (5 ) %67 1)?, do the following
equalities hold?

(L7 (m), L (m)] gy = [L3 (m), L (m)]ggy = [L52 (m), L (m)]jey = L?(m),

(L9 (m), L2 (m)]T = [Lg2 (m), L2 (m)]] = [Lg2 (m), L3} (m)]] = L5, (m).
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@ 0. Delgado, Banach function subspaces of L1 of a vector measure and related Orlicz
spaces, Indag. Math. 15 (2004), 485-495.

e An N-function is any function ¢ : [0, 00) — [0, 00) which is

o strictly increasing, o ¢(0) =0,
. . X
o continuous, o lim 9(x) =0,
x—0 X
. X
o convex, o lim M =

x—o00 X

An N-function has the A,-property (we write ¢ € Ap) if

3C > 0 such that ¢(2x) < C¢(x) for all x > 0.
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Complex interpolation

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o}
where

1l om = sup {IIflloqmx-y) 1 X* € Bx=}
w(m)

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
e The Orlicz space L?(m) (w.r.t. m and ¢) is defined by ﬁl_ﬁ(m).
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
e The corresponding Orlicz classes (w.r.t. m and ¢) are given by
Ofy(m) = {f :€ L°(m) : ¢(|f]) € L, (m)},
0%(m) := {f :€ L°(m) : ¢(|f]) € L*(m)}.

It holds that
0%(m)CLS(m) and O?(m)CL?(m).
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Complex interpolation

e The weak Orlicz space L% (m) (w.r.t. m and ¢) is defined as
Lo (m) = { £ € Lo(m) : |Fll g < o}
where

1l = sup{lIFllLoqmaey  X* € Bx-}

g efren [o () =)

L% (m) coincides with the intersection of all Orlicz L®(|(m, x*)|), x* € X*.
b

e The Orlicz space L*(m) (w.r.t. m and ¢) is defined by S() " .
o If ¢(x) = xP, L%(m) and L?(m) correspond to LP(m) and LP(m), respect.
e The corresponding Orlicz classes (w.r.t. m and ¢) are given by
Oy (m) = {f :€ L°%(m) : ¢(|f]) € L;,(m)},
0%(m) := {f :€ L°(m) : ¢(|f]) € L*(m)}.
When ¢ € A,
0%(m)=L%(m) and 0%(m)=L%(m).
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Complex interpolation

e Let (Xp, X1) be a couple of Banach lattices on the same measure space
and 0 < # < 1, the Calderén’s space X] X/ is

X37OXY = {f € [°:3X > 0,3f € B, sit. |f| <A|h|* %A%},
with the norm

11l xa-oxo := inf{A > 0: |f| < A" |fi|’, fo € Bxy, fi € Bx;}-

It holds that

Cl XoNXy € [Xo,Xalgp € X3 °X¢ C [Xo. Xt € Xo+ X1
C2 If Xp or Xy is order continuous, then [Xp, X1]je) = X3 70XY!.

C3 If Xp and X; have the Fatou property then [Xo, Xi]? = X3¢ X{.
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e Given a Banach couple (Xp, X1) and 0 < § < 1, the Gustavsson-Peetre
space (Xp, X1, 60) is the Banach space formed by

x € Xp + Xy for which H(Xk)kEZ C Xp N Xy s.t.

a) x = Zxk, where the series converges in Xy + Xj.
keZ
b) 3C > 0 s.t. for every finite subset F C Z and every subset of scalars
(5k)ker with ‘5k| <1,

€k
Z ko <k

keF

<C and

<C.

€k
Z 2k(0—1)Xk

keF

Xo
The norm considered in (Xp, X1, 6) is
1Xl (xo,x:,0) = inf{C > 0 : taken over all (xx)kcz satisfying a) and b)}.

X1

Moreover,
GP (X0, X1, 6) C [Xo, X]1%).
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PROPOSITION

Let ¢, b1 € Aa, 0 < 0 < 1 and let ¢ be given by ¢~ := (¢ 1) ~%(p71)°.
Then

(1) L%(m)=0L9(m)’ =
(2) Lio(m)= L3 (m)’ =

L?(m) is order continuous and L% (m) has the Fatou property.

COROLLARY

Let o, 1 € Do, 0< O <1and ¢st. ¢ = (1) ?(¢7")?. It holds that
[L%(m), L (m)]je) = L?(m).

[L52 (m), L (m)] = L5, (m).
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@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.

e Some partial ordering relations between N-functions:
¢1 < ¢p if e >0, Ixg > 0 s.t. P1(x) < olex), for all x > xp.
P1 <K ¢ if Ve >0, Ix. > 0 s.t. d1(x) < do(ex), for all x > x..

LEMMA

Let ¢, 1 € Ay.

(1) If ¢1 < ¢, then LE(m) C L% (m), and LP(m) C L (m).
(2) If ¢1 =< ¢o, then L2°(m) C L% (m).

For ¢1(x) := xP, ¢o(x) :=x9, 1 < p < q, it follows that ¢y << ¢g, and
therefore the well-known inclusion L%, (m) C LP(m).
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@ M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc., 1991.
e Some partial ordering relations between N-functions:

¢1 < o if Fe >0, Ixg > 0 s.t. P1(x) < do(ex), for all x > xp.

P1 << ¢ if Ve >0, Ix. > 0 s.t. d1(x) < do(ex), for all x > x..

Let ¢, p1 € Dy, 0 < 0 < 1 and let ¢ be given by ¢~ := (q/)gl)l’(’((/)fl)e.
(1) If ¢1 < ¢bo, then LE(m) C L& (m), and L?(m) C L?(m).

(2) If 1 =< ¢o, then L2(m) C L% (m).

(3) If ¢1 < ¢bo, then ¢1 < P < ¢o. If 1 << o, then p1 << ¢ << ¢o.

THEOREM

Let o, 1 € Ap, 0 < 6 < 1 and let ¢ be given by ¢~ := (5 1) (1 1)’
If 1 << o, it follows that

(L%(m), L?*(m), 0) = Lj,(m).
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Lo(m) = (L%(m),L?(m),8) C [L%(m), L (m)]"
C L (m), Lp (m)]¥) = (Lir ()= (L (m))* = Li(m).
Therefore,
(L9 (m), L2 (m)) = [L52 (m), Lo} ()] = Lg,(m),
and, by L?(m) C L%(m) (i = 0,1), it also holds that
[LP(m), L (m)]”) = [Lip (m), L (m)]) = L, (m).
This gives (i) in the following theorem.
THEOREM

Let ¢o,d1 € Aa, 0 < @ < 1 and let ¢ be given by ¢~ := (¢ 1) 0 (o7 )°.
If 1 << ¢o, then

(1) [L# (m), L2 (m)] = [L%(m), L3z (m)]] = [Lg (m), L (m)]P) = L5, (m).
(if) [Ly2 (m), L (m)]jgy = [L7(m), L (m)]gg) = [L3 (m), L7 (m)]ggy = L?(m).

Antonio Manzano Universidad de Burgos

On interpolation of spaces of integrable functions with respect to a vector measure



Complex interpolation

Some references

M. A. Arifio and B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy's
inequality with weights for nonincreasing functions, Trans.Amer.Math.Soc.320 (1990), 727-735.
J. Bergh and J. Lofstrom, Interpolation spaces. An introduction, Springer Verlag, 1976.

R. Campo, A. Fernandez, A. Manzano, F. Mayoral and F. Naranjo, Complex interpolation of
Orlicz spaces with respect to a vector measure, Math. Nachr. 287 (2014), 23-31.

R. Campo, A. Ferndndez, A. Manzano, F. Mayoral and F. Naranjo, Interpolation with a
parameter function and integrable function spaces with respect to vector measures, Math. Ineq.
Appl. 18 (2015), 707-720.

0. Delgado, Banach function subspaces of L* of a vector measure and related Orlicz spaces,
Indag. Math. 15 (2004), 485-495.

A. Fernandez, F. Mayoral and F. Naranjo, Real interpolation method on spaces of scalar
integrable functions with respect to vector measures, J. Math. Anal. Appl. 376 (2011), 203-211.
A. Fernandez, F. Mayoral, F. Naranjo, C. Sdez and E. A. Sdnchez—Pérez, Spaces of p-integrable
functions with respect to a vector measure, Positivity 10 (2006), 1-16.

A. Fernandez, F. Mayoral, F. Naranjo and E. A. Sdnchez—Pérez, Complex interpolation of spaces
of integrable functions with respect to a vector measure, Collect. Math. 61 (2010), 241-252.
A. Gogatishvili, B. Opic and W. Trebels, Limiting reiteration for real interpolation with slowly
varying functions, Math. Nachr. 278 (2005), 86-107.

J. Gustavsson and J. Peetre, Interpolation of Orlicz spaces, Studia Math. 60 (1977), 33-59.

S. G. Krein, Ju. |. Petunin and E.M. Semenov, Interpolation of linear operators, Amer. Math.
Soc., Transl. Math. Monographs 54, Providence R.1., 1982.

L. Maligranda, Orlicz spaces and interpolation, Seminars in Mathematics, Universidade Estadual
de Campinas, 1989.

L. E. Persson, Interpolation with a parameter function, Math. Scand. 59 (1986), 199-222.

M. M. Rao and Z. D. Ren, Theory of Orlicz spaces, Marcel Dekker Inc., 1991.

Antonio Manzano iversidad de Burgos

On interpolation of spaces of integrable functions with respect to a vector measure



	Introduction
	Real interpolation
	Complex interpolation

