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Let ),,(   be a measure space with nonnegative full  - finite measure  ,  

),,(00  LL  be the space of  - measurable functions Rf : ;  0:00  fLfL . 

Definition 1.1.  A mapping    ,0: 0L   is an IQN if: 

 

       

        ;:,1

,0,;001

gfCgfC

ffffP









  

       ;2 gfgfP   - monotonicity 

       ;3 ffffP nn    - Fatou property 

     .4  ffP   
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Definition 1.2.  Let   be an IQN. The IS, generated by   is determined as 

                      
   ffLfXX

X
 :),,( 0

 .                                     (1.1) 

 

Theorem 1.3.  Let X be IS generated by IQN  . 

 Then,   X is quasi-Banach space (Banach space for 1C ).  

 Example.    Let      ,,0R  be the Lebesgue measure, ML 0  be the space of  - 

measurable functions on R . The Lebesgue space:    ,0:,  vMvvLX p   

 

 
     .,:sup

,0,

/1

0


























pRxxvxfessf

pxdvff

vL

p

p

vL p
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Let   be a class of functions     ,0,0:  such that    ;00 is increasing and 

left-continuous on  ,,0 R        ,, Rtt .  

Always we assume that 

                                   0,;  vMv almost everywhere on R .                               (2.1) 

For   RMMf,0  we denote 

                                                   ,:
0

1 xdxvxffJ 


                             (2.2) 

                                               1:0inf
,




fJf
v  .                                 (2.3) 

Definition 2.1. Orlicz space vL ,  is defined as the set of functions 
 v

fMf
,

: . 

The following result is essentially known (see, for example [2, 11]). 
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Let  1,0p ,  be p - convex on  ,0 , that is for   1,1,0,  pp  , 

                                             ,0,,  ttt pp .                  (2.4) 

Theorem 2.2.  Let 0,,  vMv , and condition (2.4) be fulfilled. Then,  

1) The triangle inequality takes place in vL ,  : if  vLgf ,,   , then vLgf ,  , and 

                                                   .
/1

,,,

p
p

v

p

vv
gfgf 





 


                             (2.5) 

2) 
v

f
,

  is monotone quasi-norm (norm if 1p )  : 

                                 
vvvv gfLfLgfMf

,,,, ,,
   ,                (2.6) 

that has Fatou property: 
vn

n
vnn ffffMf

,,
lim0,





 .                     (2.7)                     

Conclusion.  Under conditions of Theorem 2.2  vL ,   forms IS which is quasi – Banach space 

(Banach space if 1p ) and has Fatou property (all conditions of theorem 1.3 are fulfilled).  
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Example 2.3. Let   .,;0, pttRpvMv  
 Then,  is 1p - convex with 

 1,min1 pp  . We have:  vLL pv  , is Lebesgue space. 

Example 2.4.  Let     ,0,0:;0, vMv be Young function, that is, 

                                Rtttdt

t

,0;0,
0

 .                         (2.8) 

Then ,  and 0 is convex on  ,0  (see (2.4) with 1p ).  

For example         

         

       















,1,;1,0,

,1,;1,0,1,00

1

1

tetttt

tettt

t

t
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Special discretization procedure.  

Now we assume that weight – function v  satisfies the conditions  

                                                   .,:0
0

  RtdvtV

t

                                       (2.9) 

We require that V is strictly increasing and 

                                                                         .V                                                  (2.10) 

For fixed 1b  let us introduce  m  by formulas 

                              ,2,1,0,1   ZmbVbV m

m

m

m  ,                   (2.11) 

where 
1V  is inverse function for continuous increasing function V . Then 

                                        

  .,;lim;0lim;0 1


 mmmm
m

m
m

m
m

m R                (2.12) 
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  Cone  of nonnegative decreasing functions: 

                                                  fLf v 0:, ;                                                 (3.1) 

  cone 
~

 of nonnegative decreasing step-functions: 

                           








   m

m

mv m
fLf  0;:

~
, ;                                       (3.2) 

cone S of nonnegative step-functions  

                       








   ZmfLfS m

m

mv m
,0;:,  ;                                (3.3) 

Here,     ZmbV m

mmmm   ,,, 1  , see special discretization (2.9)-(2.12).    
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Let  ,,  be a measure space with nonnegative full  - finite measure  ; let 

 ,,00  LL  be the set of all  - measurable functions ;: Ru   0:0  uLuL . 

Let    0,, LYY    be some IS with a quasi-norm
Y

 . Let    0: LMP  be a 

monotone operator that is 

    everywherealmosthPfPeverywherealmosthfMhf   ,, .      

We consider the restrictions of P on the cones in Orlicz space vL , , and determine norms of 

restrictions  

                                       1,:sup
,


 vYY
fffPP .                            (3.4)   

                                       1,
~

:sup
,

~ 
 vYY

fffPP .   

                                        1,:sup
,


 vYYS
fSffPP .                               (3.5) 
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Lemma 3.1.  Let  . We assume that  is p convex on  ,0  with some  1,0p , 

and 0v  satisfies the conditions (2.9) and (2.10), and realize special discretization (2.11)-

(2.12) with fixed .1b   Then the following two-sided estimates hold 

                                                        ;~
/1

~
Y

p

YY
PbPP


                             (3.6) 

                                                        ,~
/1

~
Y

p

YSY
PbcPP


                            (3.7) 

where                                                         .11
1



bbbc                         

Theorem 3.2. Let the conditions of Lemma 3.1 be fulfilled. Then the following two-sided 

estimate holds 

                                            
YS

p

YYS

p
PbPPbc




 /1/1

,                        (3.8) 

Remark 3.3. Theorem 3.2 shows the main goal of the above special discretization.  In this 

theorem we reduce estimates on the cone of decreasing functions   to the estimates on the cone 

of nonnegative step-functions. In many cases such reduction admits us to apply known results for 

step-functions or their pure discrete analogues for obtaining needed results on the cone  . This 

approach is realized in Section 4.  
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We apply the results of Section 3 to the important partial case when IS Y coincides with 

weighted Lebesgue space   

 MggRL ,;1 , and monotone operator IP  . In this case  

                    
















  gfftdgfP
vY

:1;:sup
0

,
.                        (4.1) 

According to Theorem 3.2 we have 

                                                                  
YSY

PP


  ,                                                 (4.2) 

where in our case, by special discretization (2.9)-(2.12), and (3.3), 

                                  ,1;0:sup








  
 


Zm Zm

mmmmmYS
gP                (4.3) 

                                    .,1;0 Zmbbtdvtdgg m

mm

mm

 


                      (4.4) 
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Note that norm (4.3) coincides with the discrete associated Orlicz norm 

 

                        ,1;0:sup
, 








  
 


Zm Zm

mmmmm
l

m gg 


                (4.5) 

We will describe norm (4.5) explicitly in terms of complementary function  . For simplicity in 

our discussion we restrict ourselves with the case of N - functions: 

                                                        ,
0

ds

s

 ;                                             (4.6)                 

   be the complementary function for  , that is, 

                            ,0,:inf;,0,
0

 tdt

t

.       (4.7) 

 Here,   is left inverse function for  . Then,  ,   is N - function.  
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Moreover,       :inf , so that   itself is the complementary function for . 

Some known formulas: 

    ;sup
0

stst
s




 

                                                  ,0,, tststs .                                         (4.8) 

Equality in (4.8) takes place if and only if   ts   or   st  . 

Examples. 

                 1.        ;1/1/1,,1, 11   pppss pp     

                                         pttpss pp 

/,/ . 

                  2.                ;1ln1   ses  

                                    ttttses s  1ln1,1 . 
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Theorem 4.3. Let  , be complementary N- functions; let  

                                     .,,:0
0

  VRtdvtV

t

                             

For fixed 10  a  the following two-sided estimate holds  

                     ,1;:0inf
0

1

, 
















 tdtvtggg a

v
a               (4.9) 

                          
 

     .,:,:; 11




  RttVaVtdgtVtg a

t

t

a

a




             (4.10) 

Remark 4.4. Assume additionally that in Theorem 4.3  2 . It means that  

                                      RttCtC ,2:,1 .                                                                                         

Then,                                   .

,
0

1

v

t

dgtVg





 


                                            (4.11) 
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For Mf   we introduce distribution function  

                                         .,:   RyyxfRxyf                          (5.1) 

Let  


f  be the decreasing rearrangement of function f , that is  

                                              

  RttyRytf f ,:inf  .                        (5.2) 

Weighted Orlicz – Lorentz class    vv LfRMf ,, : 



   is equipped by 

                                                1:0inf
,

 



 fJf
v

  .                               (5.3) 

                                            0,
0

1  


  tdtvtffJ ,                              (5.4) 
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We will describe the associated space v,  with the norm 

                             








 








0
,

,

/
1;:sup:

v
v fftdgfg . 

 We use the following properties of decreasing rearrangements   

                   






 









00

,:sup0 tdghhfMftdgfh ; 

                                             hffh v  

 :, . 

Then,    

                          






















  ghhtdghg
v

0

,

/
1;:sup  . 

To estimate 




g  we apply Theorem 4.3 and obtain the following result. 
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Theorem 5.1. Let  , be complementary Young functions; let  

                                     .,,:0
0

  VRtdvtV

t

                             

For fixed 10  a  the following two-sided estimate holds  

                      ,1;:0inf
0

1

,

/









 









tdtvtggg a

v
a              (5.5) 

                     
 

     .,:,:; 11



   RttVaVtdgtVtg a

t

t

a

a




              

Remark 5.2. Assume additionally that in Theorem 5.1  2 .Then, 

                                                    .

,
0

1/

v

t

dgtVg





                                       (5.6) 
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Let  ,,  be the measure space with nonnegative full  - finite measure  ; let 

 ,,00  LL  be the set of all  - measurable functions ;: Ru   0:0  uLuL .  

Theorem 5.3. Let  0LY   be some IS with a quasi-norm
Y

 ,    0: LMP  be a monotone 

operator satisfying the following condition: there exists   ,1C such that  

                                                RMffPCfP
YY

, .                                      (5.7) 

Then,  

YYY
PCPP

v 
 

 ,

. 

Corollary 5.4. Under assumptions of Theorem 5.3 we have  

                                                              
YSY

PP
v 


 ,

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



20 

 

Remark 5.5. In Theorem 5.3 we reduce estimates for monotone operator P  on the weighted 

Orlicz – Lorentz class v,  to the estimates on the cone S  of nonnegative step-functions from 

Orlicz space vL , . In many cases such reduction admits us to apply known results for step-

functions or their pure discrete analogues for obtaining needed results on v, .  

Remark 5.6. Theorem 5.3 covers the operators 

                                           



  MfxdfxkxfP ,,,
0

                          (5.8) 

with nonnegative measurable k  on  R , such that  ,xk  is decreasing and right-

continuous as function of R . Indeed, for  - almost all x  we have by Hardy’s lemma, 

         xfPdfxkxfP 



  
0

, . 

Then, for IS  YY  we have
YY

fPfP  . 
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Remark 5.7. Theorem 5.3 covers maximal operator      RMRM: , 

                       ,;:sup
1









 





xRdfxf                                   

when   RYY  is an RIS. Indeed, for any RIS Y there exists unique RIS   RYY
~~

: 

   RMggg
YY

,~ , see [11; Ch. 2]. Let us note that     ff . Then, we 

have 

                          
YYYY

ffff ~~ , 
 .  

It is well-known that   ,1C :       xfCxf 
 , see [11;Ch.2] .Therefore,  

                              
YYYY

fCfCff 
 ~~  

This coincides with (5.7) for P , and Theorem 5.3 is applicable here. 
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