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If X is a function space, the Hardy space H(IR", X) on R” modeled on X consists of all
those tempered distributions f on R” such that the maximal function M (f) of f is in X.

Bownik (2003)

Bownik studied anisotropic Hardy spaces on R”. If A is a dilation in R"”, we define

Ma(f) =sup|f+@ax|, fe S R").
keZ

Bownik characterizes anisotropic Hardy spaces by maximal functions like /. Re-
cently, Liu, Yang, and Yuan (2015) have extended Bownik’s results by studying
anisotropic Hardy spaces on R” modeled on Lorentz spaces LP9(RR").
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If X is a function space, the Hardy space H(IR", X) on R” modeled on X consists of all
those tempered distributions f on R” such that the maximal function M (f) of f is in X.

Bownik (2003)

Bownik studied anisotropic Hardy spaces on R”. If A is a dilation in R"”, we define

Ma(f) =sup|f+@ax|, fe S R").
keZ

Bownik characterizes anisotropic Hardy spaces by maximal functions like /. Re-
cently, Liu, Yang, and Yuan (2015) have extended Bownik’s results by studying
anisotropic Hardy spaces on R” modeled on Lorentz spaces LP9(RR").

Ephremidze, Kokilashvili and Samko (2008)

Ephremidze, Kokilashvili and Samko introduced variable exponent Lorentz Spaces
L£POAC)(RN),

V. Almeida, J.J. Betancor and L. Rodriguez-Mesa Anisotropic Hardy-Lorentz spaces with variable exponents



Anisotropic context. M. Bownik, "Anisotropic Hardy Spaces and Wavelets",

Mem. Amer. Math. Soc., 164 (2003)

The anisotropic geometry

Ais a n x nreal matrix such that minycq(a) [A| > 1.
o A={xeR": |Px| <1} is called the ellipsoid generated by P, det(P) # 0.
o Forevery k € Z, By = AXA. |Bx| = bX , where b= |det A|.

bk7 X € Bk+1\Bk7 ke Za

@ The step quasinorm pa(x) = { & e
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Anisotropic context. M. Bownik, "Anisotropic Hardy Spaces and Wavelets",
Mem. Amer. Math. Soc., 164 (2003)

The anisotropic geometry

Ais a n x nreal matrix such that minycq(a) [A| > 1.
o A={xeR": |Px| <1} is called the ellipsoid generated by P, det(P) # 0.
o Forevery k € Z, By = AXA. |Bx| = bX , where b= |det A|.

bk7 XEBK+1\Bka keZa
0, x=0.

@ The step quasinorm pa(x) = {

v

Anisotropic maximal functions

Pk(x) = |det Al F@(A~ x) and Sy = {¢ € S(R") : supyersPa(x)"|D*(x)| <
1, € N"and s(a) < N}, s(a) = ot + ... + 0l

° Mg(f)(x) = supkez | (f* @« )(x)| (Radial maximal function).

0 My(f)(x) = supkez . yex+a, |(f*@k)(y)| (Nontangential maximal function).

o MJ(f) = supyes, Mg(f) (Radial grandmaximal function).

© Mn(f) = supges, Mo(f) (Nontangential grandmaximal function).
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.
0 0<p_(Q) < p4(Q) < o0, where p_(Q2) = inf p(x) and p4 () = sup p(x).
xeQ xeQ
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.
0 0<p_(Q) < p4(Q) < o0, where p_(Q2) = inf p(x) and p4 () = sup p(x).
xeQ xeQ

° \|f|\p(_):inf{7u>0 : fﬂ("({)‘)p(x)dxg}, ferO(Q).
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.
0 0<p_(Q) < p4(Q) < o0, where p_(Q2) = inf p(x) and p4 () = sup p(x).
xeQ xeQ

° Hf”p(_):inf{bo : fQ(@)p(x)dxg}, fe 1PO(Q).

@ a> 0 we denote by 3, the set of measurable functions p : (0,00) — (0,0) such
that a < p—((0,%°)) < p+((0,0)) < o.
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.

0 0<p_(Q) < p4(Q) < o0, where p_(Q2) = inf p(x) and p4 () = sup p(x).
x€Q xeQ

o [Ifllo :inf{bo o (@)p(x) dx < 1}, fe 1PO(Q).

@ a> 0 we denote by 3, the set of measurable functions p : (0,00) — (0,0) such
that a < p—((0,%)) < p+((0,0)) < .

o By IP we represent the class of bounded measurable functions p such that there
exist the limits p(0) =: lim;_,o+ p(t) and p(ee) =: lim;_ 4. p(t) and the following
conditions are satisfied

(o
|o(t) = p(0)] < Mg 7 0<t= 1/2

and

1p(t) — p(e=)] < |n(ec+ 5 o 1€ (0.2)
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Variable exponents Lebesgue spaces. L. Diening et al, "Lebesgue and Sobolev
Spaces with Variable Exponents ", vol. 2017 of Lectures Notes in Mathematics,

Springer, Heilderberg, 2011.

o p:Q — (0,0) a measurable function.

0 0<p_(Q) < p4(Q) < o0, where p_(Q2) = inf p(x) and p4 () = sup p(x).
x€Q xeQ

o [Ifllo :inf{bo o (@)p(x) dx < 1}, fe 1PO(Q).

@ a> 0 we denote by 3, the set of measurable functions p : (0,00) — (0,0) such
that a < p—((0,%)) < p+((0,0)) < .

o By IP we represent the class of bounded measurable functions p such that there
exist the limits p(0) =: lim;_,o+ p(t) and p(ee) =: lim;_ 4. p(t) and the following
conditions are satisfied

(o
|o(t) = p(0)] < Mg 7 0<t= 1/2

and

[p(t) = p()| < for £ € (0,0).

P, =PNP..

c
In(e+1t)’

(4]
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Lorentz spaces

Classical Lorentz spaces LP9(R"), 0 < p,q < o

o us(s)=|{x eR": |f(x)| >s}|, s>0.
o f*(t)=inf{s>0: us(s) <t}, te]0,00).

1_1 )
o Ifllpagn = 4 17 Olliaoe) ifa<ee,
- Sup.o t7 (1) if g = oo.
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Lorentz spaces

Classical Lorentz spaces LP9(R"), 0 < p,q < o

o us(s)=|{x eR": |f(x)| >s}|, s>0.
o f*(t)=inf{s>0: us(s) <t}, te]0,00).

1_1 )
o Ifllpagn = 4 17 Olliaoe) ifa<ee,
- Sup.o t7 (1) if g = oo.

£PO)4()(RM) Ephremidze, Kokilashvili and Samko (2008)

RN
C ||fHLP(')JJ(-)(R") = ||tet0 a8 f*(t)HLQ(')(O,oo)v p;q € Po.
o fH(t)= 1[5 F(s)ds, t € (0,00).

£ — |[¢BD @D po* fe rP()at)(rn
°o | HLp(-),q(-)(Rn) =t (t)”Lq(-)(o,m)» € (R™).

1
& 11l grrarzry ~ 1%y co gy P € Po. @ € P1, p(0) > 1, and p(e<) > 1
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Lorentz spaces

Lp(),q(R™) Kempa and Vybiral (2014)

o (Jo(trr()7%)a ~p'/I(E", ||2KX{xeRn:\f(x)|>2k}||Zp(Rn))1/q-

o Ml =1 U Mmoo lingy@n V7 0 <o,
B SUP0 X xeRrn:|#(x) >t} o () () if g = co.
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Lorentz spaces

Lp(),q(R™) Kempa and Vybiral (2014)
o (Jo(trr()7%)a ~p'/I(E", ||2KX{xeRn:\f(x)|>2k}||Zp(Rn))1/q-

o ||f||L RN = (f;o(tq||X{xeR":|f(x)|>t}||Zp(‘)(Rn)%)1/q if g <o,
#()4(R") 8UP¢>0 X {xerr: | 1(x) > 1} 1o () (®7) if g = co.

Lp().q(-)(R") Kempa and Vybiral (2014)

0 Praty(p0r(fi) = L inf {Ak >0 @ py, (fe/2/ 7y < 1},
0 [fllatr ety = inf{t >0 2 pyacy (1o (/1) < 1}

O [1Fll Ly gy R7) = IR X xecrrm)r(x) 524} m—coll a0 200))-
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dvantages and disadvantages

LA () Lp().4(R") Lo().a() (R")
p(-)=p, q(-) =q constants | p(-)=p constant | p(-)=p, q(-) =g constants
£P().a() — 1p.g EES 1P Lp().q() = 1P:q
p()=a() p()=a()
rp().a() £ LP() Lo().q() = 1P()

[Lp(-),q(-)]' — P 0) [Lp(<)7q]/:? [Lp(.),q()]/ —9
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lvantages and disadvantages

LA () Lp().4(R") Lo().a() (R")
p(-)=p, q(-) =q constants | p(-)=p constant | p(-)=p, q(-) =g constants
£P().a() — 1p.g EES 1P Lp().q() = 1P:q
p()=a() p()=a()
rp().a() £ LP() Lo().q() = 1P()

[Lp(-),q(-)]' — P 0) [Lp(<)7q]/:? [Lp(<)7q(<)]/ —9

We use extrapolation arguments in some of our proof, that implies that the Hardy-
Littlewood Maximal function boundedness on the dual space of the variable exponents

Lorentz space is needed, so we chose £P():9()(R") to define our Hardy-Lorentz
space.
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HZ(')‘q(')(R",A)

Let N € N and p,g € Po. The (p(-),q(-))-anisotropic Hardy-Lorentz space
HZ(')’q(')(R",A) associated with A is the set of all those f € S'(R") such that My(f) €
£P().aC)(R"). On Hﬁ,(')’q(')(R”,A) we consider the quasinorm || || defined
by

HII\’I(')vq(')(RnwA)

11000 gy = MM o050y, 1 € RO R, ).
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Hf,s gl (R”,A)

Let1 <r <, seNand p,q € Po. We say that a measurable function a on R” is a
(p(+),q(+),r,s)-atom associated with xo € R" and k € Z when a satisfies

(2) supp aC xo + Bk.

0) llal, < bk/r”XonerHzg(-).q(-)(Rn)-

(c) / a(x)x%dx = 0, for every o € N” such that s(a) < s.
Rn

Here, if o = (01, ...,0lp) € Nand x = (x1,...,Xp) € R, x% = x{' - - x".
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H,P’s gl (R”,A)

Let1 <r <, seNand p,q € Po. We say that a measurable function a on R” is a
(p(+),q(+),r,s)-atom associated with xo € R" and k € Z when a satisfies

(a) supp a C xo + Bk.

=il
<b> ”a”f S bk/r||XXO+BkHLp(-).q(-)(Rn)'

(c) / a(x)x%dx = 0, for every o € N” such that s(a) < s.
Rn

Here, if o = (01, ...,0tp) € Nand x = (x1,...,Xp) € R?, x% = x{ - - x".

v

We define the atomic (p(-), g(-))-anisotropic Hardy-Lorentz space H*S)%)(R", A) as
the set of all distributions f € S'(R") such that:
Q= Z ?»jaj in S/(Rn).
jeN

o Z 7‘]||X)q+B/,, ||Z:(~).q(~)(Rn)XX/+B/j € Lp(‘)’q(')(Rn)-
jeN
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H,P’s gl (R”,A)

Let1 <r <, seNand p,q € Po. We say that a measurable function a on R” is a
(p(+),q(+),r,s)-atom associated with xo € R" and k € Z when a satisfies

(a) supp a C xo + Bk.

=il
<b> ”a”f S bk/r||XXO+BkHLp(-).q(-)(Rn)'

(c) / a(x)x%dx = 0, for every o € N” such that s(a) < s.
Rn

Here, if o = (01, ...,0tp) € Nand x = (x1,...,Xp) € R?, x% = x{ - - x".

v

We define the atomic (p(-), g(-))-anisotropic Hardy-Lorentz space H*S)%)(R", A) as
the set of all distributions f € S'(R") such that:
Q= Z ?»jaj in S/(Rn).
jeN
(2] %7‘]||X)Q+Bz,||Z:(~).q(~)(Rn)X)q+Bkj € Lp(‘)’q(')(Rn)-
je

; =1
= inf Z 7‘1]‘|X)(/+sz ||Lp(~),q(.)(Rn)Xx,-+sz

11 0 (R 2y P

LP()a0) (Rn)
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Maximal characterization

Theorem 1

Let f € S/(R™) and @ € S(R") such that [ ¢ # 0. Assume that p,q € Py. Then, the
following assertions are equivalent.

(i) There exists Ny € N such that, for every N > Ng, f € H,’\’,(‘)’q(‘)(R”,A).

(i) My(f) € LPC)AC)(R™).

(i) MY(f) € LPOACI(R).
Moreover, for every g € S'(R") the quantities ||MN(g)||L,,(.),q(.)(Rn), N > N,
IM3()I| cot 1.0 (ny @ ([ Mo (@)l £ot1.) (e @re equivalent.

v
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Atomic characterization

Let p,q € Py.
(i) There exist sp € N and C > 0 such that if, for every j € N, A; > 0 and gj is a
(p(-),q(-), e, s0)-atom associated with x; € R” and ¢; € Z, satisfying that
Z }\'j"x)(j+B[j ||Z:(-),q(-)(Rn)XXj+B[j S Lp(')’q(')(Rn), then f = Z Naj €
jeN jeN
HPO-9C)(R", A) and

171l .00 (e 2) < ©

=
2 7"/”%)(,‘4-3(1- ”Lp(')ﬂ(‘)(R”)XXJ""ij .
jeN LP(O)a() (RM)

If also p(0) < g(0), then there exists rp > 1 such that for every rp < r <
o the above assertion is true when (p(-),q(:),o°, Sp)-atoms are replaced by
(p()a q()a r, SO)'atoms'

v
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Atomic characterization

(i) There exists sp € N such that for every s € N, s > sp, and 1 < r < o0, we can find
C > 0 such that, for every f € HP():40)(R", A), there exist, for each j € N, Aj >0
and a (p(-),q(-),r,s)-atom g; associated with x; € R” and ¢; € Z, satisfying that

Z Al +8, ||Lp (a0 (Rr) K35+, € LSRRI UNES Zkla, in $'(R") and
jeN jeN

< C”fHH#7 ).a( ]Rn A
(‘)TQ(*)(]RH)

Z"']HXX,+B¢7 ”Lp ).a() (Rn)xx,+51
jeN
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Atomic characterization

(i) There exists sp € N such that for every s € N, s > sp, and 1 < r < o0, we can find
C > 0 such that, for every f € HP():40)(R", A), there exist, for each j € N, Aj >0
and a (p(-),q(-),r,s)-atom g; associated with x; € R” and ¢; € Z, satisfying that

Z }\’/”XX]"FBZ ”Lp (-).a(-) (Rn)X)(,—FBe € LP( ) q( (Rn) f= Z )\«/a] in S/(]Rn) and
jeN jeN

< C”fHH#7 ).a( ]Rn A
(‘)TQ(*)(RH)

Z"']HXX,+B¢7 ”Lp ).a() (Rn)xx,+51
jeN

For certain C > 0 and for every f € HP()-4()(R", A)

< ClIfll getr.a) e 4)
L7040 (R

Z llHXX,‘FB/, ||Lp (]R")XXI+B/,
jeN

*||f||Hp<)q()(Rn ) <inf
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1#llogya) = A Wipy. gy 7> 0

V. Almeida, J.J. Betancor and L. Rodriguez-Mesa Anisotropic Hardy-Lorentz spaces with variable exponents



Tools

Illo(-).a¢) = \f|1/’\|§p(.),,q(.) r>0

@ Assume that p, g € P1(0, ). Then, the maximal function
My (f)(x) = sUpkez, yex+8, ﬁ Jy+8,1f(2)|dz, x €R", is bounded from LPOA0) (RN
into itself.
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Iy r>0

Hf”p(»),q(~) = ||| Hrp (),ra(-)

o Assume that p,q € P1(0,%0). Then, the maximal function
M (F)(X) = SUpkez, yex+8, o Jy+ 8, 11(2)|dz, x €R",is bounded from £PO-A()(RN)
into itself.

o Assume that p,q € P1. For every r € (1,00) there exists C > 0 such that

-

1/r 1/r
H %(MHL(G))') <C Zf/|'> ; (

p().a() = p().a()

for each sequence (fj)jeny of functions in Lj (R"). (Cruz-Uribe, Martell and
Pérez (2011))
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Hf”p(»),q(~) = ||| Hrp (),ra(-)

o Assume that p,q € P1(0,%0). Then, the maximal function
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o Assume that p,q € P1. For every r € (1,00) there exists C > 0 such that

-

1/r 1/r
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p().a() = p().a()

for each sequence (fj)jeny of functions in Lj (R"). (Cruz-Uribe, Martell and
Pérez (2011))

o Extrapolation.
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Iy r>0

Hf”p(»),q(~) = |Hf| Hrp (),ra(-)

o Assume that p,q € P1(0,%0). Then, the maximal function
M (F)(X) = SUpkez, yex+8, o Jy+ 8, 11(2)|dz, x €R",is bounded from £PO-A()(RN)
into itself.

o Assume that p,q € P1. For every r € (1,00) there exists C > 0 such that

1/r 1/r
H Z(MHL(f,-))’) (Z f;l’) SN
A p(a() < p()a()
for each sequence (fj)jeny of functions in Lj (R"). (Cruz-Uribe, Martell and

Pérez (2011))
o Extrapolation.
o Rubio de Francia iteration algorithm.
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hema of the proof of Theorem 1

As it was done in Bownik (2003) we consider the following maximal functions that will
be useful in the sequel. If K € Z and N, L € N we define, for every f € S'(R"),

MR = sup [(Frei)(x)|max(1,p(AKx))"H(1 + b H) T xe R,
keZ,k<K

Mg “(f)(x)= sup sup |(Fxqx)(y)|max(1,p(A y)) L(1+b7*K)t xeR",
kEZ,k<K yex+By

Xx)= sup sup — ,
kez k<K yekn Mmax(1,p(A=K(x —y)))N max(1,p(A=Ky))t

To 5 (1) (%) (7 @) (¥) (1+b kK-t (e RT

OKL(f)_ sup MOKL(f),
©ESN

and

KL KL
My~ (f) = sup My~ (f).
PESN
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Schema of the proof of Theorem 1

LetK € Z,N,LeN, r >0 and ¢ € S(R"). Then, there exists a constant C > 0 which
does not depend neither on K, L, N, r nor @ such that, for every f € S'(R")

(74009 < oM ((M5(0)) (), xR
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Schema of the proof of Theorem 1

Lemma

LetK € Z,N,LeN, r >0 and ¢ € S(R"). Then, there exists a constant C > 0 which
does not depend neither on K, L, N, r nor @ such that, for every f € S'(R")

(74009 < oM ((M5(0)) (), xR

4

Lemma

LetK € Z, N,L € N and ¢ € S(R"). Assume that p,q € Py. Then,

176" () lpy.a0) < ClIMg “(Dllpy.q0), € SR,

where C > 0 does not depend on (N, K, L,®).
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Schema of the proof of Theorem 1

Lemma. Bownik (2003)

For every N, L € N, there exists Mp € N satisfying the following property: if ¢ € S(R")
is such that [ @(x)dx # 0, then there exists C > 0 such that, for every f € S'(R") and
N 0.K,L N,K,L

My, ~(F)(x) < CTy " (f)(x), x €R".
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Schema of the proof of Theorem 1

Lemma. Bownik (2003)

For every N, L € N, there exists Mp € N satisfying the following property: if ¢ € S(R")
is such that [ @(x)dx # 0, then there exists C > 0 such that, for every f € S'(R") and
K eN,

My H(N(x) < T H(N(x), x R

Lemma. Bownik (2003)

Let @ € S(R"). Then, for every M,K € Nand f € S'(R") there exist L€ Nand C > 0
such that

My 5(f)(x) < Cmax(1,pa(x)) ™, xeR".

Actually, L does not depend on K € N.
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Schema of the proof of Theorem 1

o MM lp(y.at) < Mo(Dlp(-).q() < ClIFIl a0 g gy
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Schema of the proof of Theorem 1

o MM lp(y.at) < Mo(Dlp(-).q() < ClIFIl a0 g gy

o MY()(x) < Mn(F)(x) < CMY(F)(x), x €R"
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Schema of the proof of Theorem 1

o MM lp(y.at) < Mo(Dlp(-).q() < ClIFIl a0 g gy
o MY(f)(x) < Mn(f)(x) < CMY(F)(x), x €R"

MR (. ~ 1M ()l o(-).q0)
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Schema of the proof of Theorem 1

o [IM3(NIpy,a) < IMo(M)llp(y,90) < ClITl 140 (g
o MR ()(x) < Mn(f)(x) < CMR(f)(x), x €R"

MR (. ~ 1M ()l o(-).q0)

o To finish the proof we stablished

11 10 (o 4y = IMR()p().a¢) < ClIMo(Dlp(-y.a¢) < EIMI(D)Ip-).a()
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Schema of the proof of Theorem 1

o IMy()lp().q0) < CliMe(lp).q() -

° Mf,,’:igf)(x) < CTg’K‘O(f)S(xg
o [My™ " (Nllo().a0) < ClIMp " (N)llp).0)
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Schema of the proof of Theorem 1

o IMy()lp().q0) < CliMe(lp).q() -
o My () (x) < CT"O(M)(x)
o My (Nllog).a0) < ClIMg ° (llog).a0)

° [[Mo(Nlp(),q¢) < ClIMG(H)llp(-).q)-
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Schema of the proof of Theorem 2

Calderén-Zygmud decomposition

Let f € S'(R") satisfying that [{x € R" : Myf(x) > A}| < . Assume that p,q €
Po. There exists sp € N, such that, for every s€ N, s > sp, and each N e N, N >
max{No, s}, where Ny is defined in Theorem 1, the following two properties holds.

(i) Letfe HP(')VQ(')(]R”,A) and A > 0. If f = g+ Y ;< b is the anisotropic Calderon-
Zygmund decomposition of f assocnated to Mnf of height A and degree s, then
the series Y jcn bi converges in HP() (]R” A).

(i) Suppose that f € HP() (]R" A) and that, for every j € Z, f = gj+ Yien bij
is the anisotropic Calderén-Zygmund decomposmon of f associated to Myf of
height 2/ and degree s. Then, (g;)jez C HP()-a()(R", A) and (9j)jez converges
to f, as j — +oo, in HP()AON(RN, A).

|
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Schema of the proof of Theorem 2

The good part is in L} .(R")

loc

If fe S'(R"),A>0,s,NEN, N>2ands < N, and f = g+ Y ey bj is the anisotropic
Calderén-Zygmund decomposition of f associated to My(f) of height A and degree s,
then g € L} (R").
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Schema of the proof of Theorem 2

The good part is in L} .(R")

loc
If f € S'(R"),A>0,s,NEN, N>2ands< N, and f = g+ Yy b is the anisotropic
Calderén-Zygmund decomposition of f associated to My(f) of height A and degree s,
then g € L} (R").

v

Density of a space of functions

Assume that p,q € Py. Then, L}OC(R”) N Hp(')’q(')(RTA) is a dense subspace of
HP(')yq(')(R”,A)

y
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Schema of the proof of Theorem 2

The good part is in L} .(R")

loc

If fe S'(R"),A>0,s,NEN, N>2ands < N, and f = g+ Y ey bj is the anisotropic
Calderén-Zygmund decomposition of f associated to My(f) of height A and degree s,
then g € L} (R").

v

Density of a space of functions

Assume that p,q € Py. Then, L}OC(R”) N Hp(')’q(')(RﬂA) is a dense subspace of
HP(')y‘V(')(R”,A)

y

Convergence of the good parts

Assume that p,q € Py, and f € L}OC(R”) n HF’(‘)vq(')(R”,A). For every je N, f =
gj + Yien bij is the anisotropic Calderén-Zygmund decomposition of f associated to
Mn(f) of height 2/ and degree s, with s, N € N, s > sg and N > max{s, N}, where Ny
is as in Theorem 1 and sy is as in Proposition. Then, g; — 0, as j — —eo, in S'(R").
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HPO)a( )(Rn A) ¢ HPO-a() (R, A)

atom

° frm=Y",M\a;,

o Myl at) < © ([ 202 Molats s,

=h+1
p(~),q(~)) e )

o My(3)(x) < gl N9l < Clig 5, ) o0 X € R

P(-).q(-)

4 HZ,-"Le AjMo ()1 +85 .,

0 g = X)q+sz(||X)q+Bej ||;(1.)7q(.)7"j)a

© Muigi(x) = b~ (Xx+8, Iy o) M)% X € %+ Byt

Making use of the vectorial inequality for My we get

h<C Z)\, ||XX,+BZ ”p( )sq(- )XX/+BZ

]_

p(-).a(")
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° My(a)(x) < (Mu(xz18)(x))T, x & 2+ Biro

c.— 1
1z+8¢ Mo ).a0)

Proceeding as in the case of /; we get
$ 1
Z 7‘/'||Xx,-+5z]- ||;(.),q(.)X)</+Bg/.
j=t

L<C

p(-).a(")
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o My(a)(x) < (Mu(xz18)(x))T, x & 2+ Biro

c.— 1
(X248 [lo(.a0)

Proceeding as in the case of /; we get
$ 1
Z 7‘/'||Xx,-+5z]- ||;(.),q(.)X)</+Bg/.
j=t

h<C

p(-).a(")

Having been established that HP()-4()(R", A) is complete, the inclusion is proved
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Hp(')’q(')(]R”,A) c HP()«Q()(RH‘A)

atom

o fe PR, A)NLL (R
o Letj € Z. We define Q; = {x € R": Mn(f)(x) > 2/}
° f=Yjez(gi+1—g), in S'(R).
© gi+1—gi = YLienhij, in S'(R"),

By = (= PO — Taen((F = P — PN jeN
o hijj=(f—P)G—Lken((f—P )G—Pix )G, i€eN.
9 ajj= hivllz_jco_1 ||fo,/+BZ,'J+4u)||;(1.)’q(.) is a (p(')vq(')vwvs)'atom J

Finally
f= Y Ayjay in S'(R"), 2
ieN,jeZ

where A j = 2jCOHXXiJ+B1,LI,+4w llo(-),q(), forevery i €N, j € Z.
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r<oo

atom
Let 1 < r < o and let p,q € Py. There exists sy € N satisfying that if s € N, s > sp,
we can find C > 0 for which, for every f € HP():4()(R", A), there exist, for each j € N,
A; > 0and a (p(-),q(-),r,s)-atom a; associated with some x; € R” and ¢; € Z, such
that

< CHf||Hp(~),q(~)(Rn,A)7
p(-),a()

Z 7"l'”)(x,'Jrsz ||;(1.)7q(.)XX,'+B(,
jeEN

and f = ZjEN 7\.131 in S/(Rn)

v

Consequence of the fact that if ais a (p(-), g(+), o, s)-atom, then ais a (p(-), q(-),r, s)-
atom
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r<oo

HP -),a( )(R" A) C Hp(')‘q(')(R",A)

atom

o Ifaisa (p(-),q(-),r, s0)-atom, then a € HP():90)(R", A)
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HP -),a( )(R" A) C Hp(')‘q(')(R",A)

atom

o Ifaisa (p(-),q(-),r, s0)-atom, then a € HP():90)(R", A)

Strémberg and Torchinsky (1989) (anisotropic version)

o HZKGN}“kxXk-i-BZkH LRY) = Cb HZKEN kaXk‘f‘sz Lo(R" V).

0 [[ExenMalliprnv) < C||Lken M-+,

LP(R"V)

o [Ifllpo(ro,v,a) < CH):‘,’(°:1 McXox+By, @Ry

O[]l oo (v, 4y < CHZkeN"'k”XXk+sz||;(1.)7q(.)xxk+5zk L (R )’
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r<oo

Proposition

Let p,q € Py being p(0) < g(0). There exist s € N and ry > 1 such that, for ev-
ery r > rp we can find C > 0 satisfying that if, for every j € N, A; > 0 and a; is a
(P(),q(-), r, s0)-atom associated with x; € R" and {; € 7 such that

X, ) s, € L0
then f =Y jenAja; € HP().aC)(RM, A), and

£l o100 (e, ) < €

2 7L/'HXX,'-&—B[/ ||;(1.)7q(.)Xx,-+B[j
el p(-).a()
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Questions we are interested at

Dual spaces of L) 4(.)

o The description of these spaces.
@ Are the Hardy-Littlewood Maximal function bounded on them?

@ The study of operatos on these spaces.
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o 0 € C~(R") verifies that supp 6 C By, 0 <8 <1, and 8 = 1 on By. We define,
for every j € N,
0;(x) =6(A "i(x— X)), x€R",
and, forevery j € N,

0i(x)/(Ljen8i(x)),  x €My,

Cc
0, X € Qx.

The sequence {{;}cn is a smooth partition of unity associated with the covering
{Xi + By }ien of Q.

o Let i,s € N. By Ps we denote the linear space of polynomials in R"” with degree
at most s. s is endowed with the norm || ||; s defined by

1/2

1

||PHi.s = (ﬁ /R" ‘P(X)‘ZCi(X)dX) , PePs.

Thus (P, || ||i,s) is a Hilbert space. We consider on Ps the functional Ty ; s given
by

Tris(Q) = <f,QC>, Q€ Ps.

fC,

Tt i s is continuous in (Ps, || ||;,s) and there exists Py ; s € Ps such that

T a(Q) = fc/ Pris(X)Q(X)Ci(x)dx, Q€ s,

To simplify we write P; to refer to P j s.
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ubio de Francia iteration algorithm

o we define M, (h) = |h| and, for every i € N, i > 1, Ml (h) = My o My ' (). We

consider ;
= My, (h
Fi’( ): BTN iHL( ) )
=0 2 1Moy oty

We have that
(i) 1 < A(h);
(i) Ris bounded from £(®P())-(%a())' (R"Y into itself and 1Bl (ap(-))

2|1hll@p()y (oq()):
(iii) R(h) € A1 (R", A) and [R(h)] 2,( B A) < 2[|MHll(ap(-)y (aq(-)y- Hence, there
exists Bo > 1 such that R(h) € RHg, (R", A).

[+) fk:Zj 07\./'8]' then fx € HP( ).a(-) (Rn A).

o Mo o) = Il (Mo (1)" ) ca() < C P fen (M) (X)) “h(x)ax,

) (ag()) =
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L (Mo(5)00) "/ Ax)aie < [ (M () (0) "/ *A(R) )

K 1/o
< C/]Rn (ijmxﬁ&j H;(T)_q(‘)X)quBe/ (X)> R(h)(x)dx
J=0 :

K 1/a
=¢ (.Z Ml -2, I,,(‘.)_q(_)xx,,w;,) 1R() | @p(y
B op(:),0a(")
k 1/o
< O X Millto+84 1, g o8 1Al o)y (waty
i p(-).a()
k 1/o
e Z kl'HXX/JrB;:, ||;(1.),q(4)Xx/+B[j
i p(-).a()
Hence, we obtain
ka||HP<')'q<')(Rn - Z A ||X)Q+Bf H Xx,-s—B[
= p().a()
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