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Classical results



Hardy-Littlewood maximal operator

The Hardy-Littlewood maximal operator is defined by:

= sup — / dy,
xel |I| lf |

where I is an interval of the real line and the supremum is considered over
all intervals containing x € R.

Characterize the weights u € L} (R) so that M : L? (u) — LP(u), that is;
find necessary and sufficient conditions on the weight u so that
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(I) The case of weighted Lebesgue spaces L”(u)

p—1
Recall u€A,: sup <i /u(x)dx) (i /u_l/(f’_l)(x)dx) < 0.
icr \ M| J; 1l Ji

For p > 1, the following statements are equivalent:
(i) M : P (u) — L (u);
(i) u € Ap;

oud) T ,
(iii) u(5) S s , for every interval I and S C I and some € > 0.



Weak-type Lebesgue space LP>(u)

Recall that the space L”°° (u) is defined by

{f € M(R) : ||f|IF oo () = ili%)\pu({x ER:|[f(x)] > A}) < oo}

It has been also studied the boundedness M : L (u) — L"*°(u), equivalently

MF |l ) S M1l y-

For p > 1, the following statements are equivalent:
(i) M : LP(u) — LF(u);

(ii) M : LF(u) — LP°°(u);

(iii) u € Ap.



Motivation for introducing the classical Lorentz

Note that:
71, = / (o) Pex = /0 PNk € R ()] > A}JdA = /0 o (),
where

(@) =inf{s > 0: [{|f] > s}| < 1},
and
1100 = sup NH{xeR:[f(x)] > A} = fggt(f*)"(t)-

Graph of f*




Classical Lorentz spaces

Letp > 0, w € L} (RT). The classical Lorentz spaces are:
20w} = {f € M) : [y = | (7 OPwia < o0}

AP (w) = {f € M(R) : [If {3500y = ili%ApW(l{x 1f(x) > AH) < oo},
where f*(t) = inf{s > 0: [{x e R: |[f(x)| > s}| <t} and W(z) = fotw.
Examples:

(i) If w =1, we recover AP(1) = [ and A»>°(1) = [P
(ii) Ifw = 14/P=! we obtain L.



(I) The case of classical Lorentz spaces A?(w)

Boundedness of M

It is known that (Mf)*(¢) ~ Pf*(t), where

1 [rwar= [Trn% = [T er0b.

where E; f(t) = f(t/s). For s € [1,00), define
W(st) —
E o ariy = SUP E,f* W—sup—::Ws.
|| ||A (w)—AP(w) |[f*||lp(w)<1 ” ||Lp( ) W(t) ( )

By Minkowski inequality we obtain

[IM||ary—arowy = sup [[Mfllarqey = sup  1Pf" [l

1 ar oy <1 1 Mlzp oy <1
e« .ds R ds
= sup / Ef*— §/ W/p() 5
I llr oy <1111 Sl w) 1 s

If/ W' (s) —<oo, then M : A’(w) — AP(w).



The case of classical Lorentz spaces A”(w)

Lorentz-Shimogaki and Arifio-Muckenhoupt theorem for A? (w)

Let p > 1. Then the following are equivalent:
(i) M : AP(w) — AP (w);
(i) M : A (w) — AP>°(w);
oo
— d
(iii) / Wl/”(s)s—j < o0y
1

(iv) There exists s € [1,00) so that W(s) < s”;

p—e
) % < (;) , t>r, for somee > 0.
Define

W(t t\P~¢
weB, i ()5(-) >

for some € > 0.



Weighted Lorentz spaces



Weighted Lorentz spaces

Letp > 0,u € L}, (R), w € L} .(RT). The weighted Lorentz spaces are:
M) = € M®): Wity = [ 62 0wl < o0},

A= (w) = {f € MR) : |Ifllag=on = sup NW(u({x: f(x) > A})) < oo},

where

fr@) =inf{s > 0:u({x e R: |[f(x)| > s}) <1},
u(E) = /Eu(x)dx and  W(t) = /0 w(s)ds.
Examples:

(i) If w =1, we recover AZ(1) = LP(u) and AL>°(1) = [7>°(u);
(ii) If u = 1, we obtain A?(w) and A”*°(w).



Characterization of M : A2(w) — AZX(w)

Find necessary and sufficient conditions on u € L} .(R) and w € L} .(RT):
M A2w) = AZ(w),

equivalently ||Mf1| az) < ClIf1laz)-

Find necessary and sufficient conditions on u € L}, (R) and w € L}, (RT):
M : Ab(w) — AL (w),

equivalently ||Mf||xz ) < ClIfl|aggo-



Weak-type boundedness of M
on the weighted Lorentz spaces

Let p > 1. The following statements are equivalent:
o M : Ab(w) — Ab(w);

@ There exists € > 0 so that:

Wu(U;5) _ (@)“,

((U,S)) EZVANNY

for every finite famlly of disjoint intervals (I ) i)j—1, and every family of

measurable sets (S _» So that S; C I, for every j.
u(l)

1I1\"°
If w = 1, the above condition is equivalent to A, : —( s) S (||_S||> )
u

p—e
If u = 1, it is equivalent to B), : va((t)) < (E) ot
r r

ey

v

r.

Open
Characterization of the weak-type boundedness M : AL (w) — AL (w).



Weak-type boundedness of M

Letp > 1, then

M : A(w) — AD®(w) & M : Ab(w) — Ab(w).

Known case w = 1: The implication
M :LP(u) = L (u) = M : LP(u) — LP(u)

is proved using reverse Holder’s inequality: if u € A,, then 3 > 0 so that

(i [ lﬂ“d’)i < Juo

Then, if u € A, we have that u € A,_. for some £ > 0. Using interpolation
M: P~ %(u) - IP75°(u) and M:L>® — L™

we get the strong type boundedness.



Weak-type boundedness of M

Caseu = 1: M : AP(w) — AP>°(w) = M : A’(w) — AP(w). Lets > 1 and
f)
1, if0<x<aq L

flx) = jl—c, ifa < x < sa;

Bl

0, ifx> sa.

Since (Mf)* ~ Pf, by the hypothesis
1 o0
W(lrs Pr) > 5) < 05 [ oo @

Note that Pf(as) = we have

1+1
+ ogs. Taking y =
s

(1+1ogs)
s

W([(0,as)[) S W(|{x: Pf(x) > (1+logs)/s}|) < C(1+logs)' "s"W(|(0,a)]).

Hence,

=

W(('Z S)) < C(1+1logs) . 3)

Thus M : AP(w) — AP(w).




Weak-type boundedness of M
‘Theorem (A-Antezana-Carro 2015)

M : Ab(w) — AD°(w) = M : Ab(w) — Ab(w).

General case: Let S C I C R. Construct fs 7, so that for every A € [|S|/]1], 1]

n

so that |S| = A\|E,|, where Ex = {x : f5;(x) > A}. Then, for s = Ill?ll

W(u(l))
W(u(S))
which “implies” that M : A2(w) — AL (w).

||MfS,I||I/7xﬁ°°(w) < C“fSI”AP(W) <C(l +10gs)l_pspv



Weak-type boundedness of M

If § =S, US, C I CR, the function fs; can be:

/ /]

1820

Several dimensions: We consider the function

X {Mxs> M X,

for any measurable set § C R?.



Possible problem to study

@ Recall that the Riesz transforms are given by

r(g) .
Rif(x) = —2 i T f(y)d
Jf(x) Tr%—_l El_r)% R\B. (x) |x — y|d+lf(y) Vs

forj=1,...,d, whenever they are well defined. Study the
boundedness of the Riesz transforms on weighted Lorentz spaces.
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Thank you for your attention!




